EM Algorithm for Multinomial Logit*

Soichiro Yamauchi'

March 14, 2020

1 Motivation

The multinomial regression is a useful model for analyzing relationships between categorical
outcomes and predictors, and is routinely used in many fields. The model is also useful as a
building block for more complex models. In fact, we encounter the multinomial logit every
time we want to incorporate covariates in latent variable models (i.e., finite mixture models)
such as stochastic blockmodels for network data or topic models for text data analysis.

In this note, I derive an EM algorithm for the standard multinomial logistic regression
model as a useful reference. An open-source software package (emlogit) is available for

implementing the proposed algorithm.

2 Model

Let Y; denote the multinomial response with J categories. As in the standard setup, I assume
that 3°7_, ¥i; = 1, that is,
Y,; ~ Multinomial(1, ;)

where

i = exp(XiTBj)
iy — Ni .
Zj’:l eXP(X;‘r:@j’)
To identify coefficients, I fix 31 = 0. The model is completed by placing a normal prior

on coeflicients,

B]' ~ N(Ho, 20)

In this note, we are interested in estimating the posterior mode of 3.

*R package emlogit is available to implement the proposed method at https://github.com/soichiroy/
emlogit.
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3 Estimation

3.1 Setup
The joint density of Y and 3 is given by
J

n T Yij
3.1 Y.3 |, B> exp(X; 5;) }
(3.1) p(Y, 8| p,= H p(B; | 1o, Zo g{ T (XI5

By taking log, we have

" exp(X] B))
logp(Y,B) = Zlogp@\uo,zo) Zijlog{ZJ z(xZng,)}

j=1 i=1 j=1 j'=1CXP

J
= logp(B; | ko, Zo)

j=1
) eXp(XT,@] exp(XI,@j')
filos { cij + exp(XTﬂy } Z { cij + eXp(X’TBj)

n
+2
i=1 J#j

where c;; = >4, exp(X, Bp).
Then conditioning on 3;: for j' # j, we have

exp(X] Bj) 7 /e

1+ exp(X] B))/cij
exp(XiT,Bj — log Cij)yij
1+ exp(XZTBj — log ¢ij)

logp(Y, B | B—;) =logp(B; | o, Xo) + Zlog{
=1

n
=logp(B; | o, To) + > log
=1

Suppose now, we augment w;; drawn from Polya-Gamma distribution and consider the
joint density p(Y,wj,B; | B—;). Then, we have that

logp(Y,wj, B; | B—;) = logp(Y,w; | Bj,B-;) + logp(B;)

"
o > { = Suit + (Vi — 1/2)5 | +10gp(B; | o, o)
=1

where @Dij = X;F/Bj - IOg(Cij)'



3.2 EM-algorithm

o M-step: We cyclically update 3; for j = 2,...,J by maximizing the following criteria
with respect to 3; by treating B_; as fixed.

Q;i(B;) =E, [IOgP(Y wj | B, B-;)] +1logp(B; | mo, Xo)

—Z{ Bl + (Vi — 1/2)0i; } +1ogp(B; | o, o)

Let S = X "diag({w;;}11)X and d; = E[w;;]log(c;;) + (Y;; — 1/2). Then, the first order

condition is

0

0= 55 @8
o 1 _ _
_ aﬁj{ — 58] (S + 2B+ 8] (X d+ 27 o)}

~(S+=HB; + (X d+ 25 o)
which implies the closed form update:

(3.2) B+ (S+35) M (X Td + 37" o).

o E-step: We update Efw;;] fori =1,...,n and j = 1,...,J. This expectation is over
the posterior distribution of w;; evaluating B3 at the current value. Since w;; | 8, X; ~

G(1, 1,@-]-), we can evaluate the expectation by

1 .
(3.3) ]E[wij] — %tanh(¢ij/2)

where @Zl-j = X;r,@] — log Zj,# exp(X:Bj/). This step is a direct application of the
following fact: If w; ~ PG(b, c), then

Elw;] = %tanh(c/Q).
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