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Abstract

Difference-in-differences (DID) is widely used to estimate causal effects with repeated obser-
vations. The standard DID relies on the parallel trends assumption that requires the linearity
in the potential outcome. However, social science research heavily relies on ordinal outcomes,
such as Likert-type survey responses, where the linearity assumption is not appropriate. This
paper develops a methodology for conducting DID analysis for ordinal outcomes. The proposed
method allows scholars to estimate causal estimands that are suitable for ordinal outcomes
without imposing the linearity or outcome transformation assumption. Building on the discrete
choice literature that models ordinal outcomes using a latent continuous variable framework, I
develop a set of identification assumptions. The paper also develops an equivalence testing pro-
cedure to assess the identification assumption with pre-treatment data. I extend the method to
a semiparametric setting where a rich set of covariates is available, and to a staggered adoption
design when treatment timing varies across units. The proposed method is applied to revisit
studies on estimating the causal effect of mass shooting incidents on the public’s support for
gun control.
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1 Introduction

The difference-in-differences (DID) design is widely used in observational studies with repeated
observations over time (Card and Krueger, 1994; Angrist and Pischke, 2008; Lechner et al., 2011).
It allows scholars to identify causal effects accounting for time-invariant unobserved confounders.
Although significant progress has been made to improve the original DID design in recent years
(e.g., Abadie, 2005; Athey and Imbens, 2006; Callaway and Sant’Anna, 2021; Chang, 2020; Park
and Tchetgen Tchetgen, 2022; Liu, Wang and Xu, 2024), most of the existing methods identify
and estimate the treatment effect under the linearity assumption. The parallel-trends assumption
imposes a restriction on the potential outcomes such that the mean of the treatment and the control
group has identical trends in the absence of the treatment. Therefore, the assumption is meaningful
only when the difference between two potential outcomes is well defined, as for continuous outcomes.

In social science research, however, many outcomes of interest are measured on an ordinal

“very

scale. For example, in political science, scholars measure voters’ ideology on a scale from
liberal” to “very conservative” or measure attitudes toward a policy item from “strongly disagree”
to “strongly agree.” In fact, due to space limitations and other administrative reasons, most of
the questions asked in major social science surveys are ordinal. When the outcome is measured
on such a scale, it is difficult to define the “mean” of non-numeric variables, and thus the usual
definition of the treatment effect as the difference between two potential outcomes is not well
defined (e.g., Volfovsky, Airoldi and Rubin, 2015; Lu, Ding and Dasgupta, 2018), unless strong
assumptions about the scale are imposed. This implies that the application of the standard DID
requires additional restrictions that are not necessarily appropriate. Dichotomizing the outcome is
another common practice to apply the standard DID method. Recent results show that, only under
very restrictive conditions, parallel trends are invariant to transformations (Roth and Sant’Anna,
2023). This implies that different dichotomizations may lead to different conclusions, not to mention
that it requires separate parallel trends assumptions that are not necessarily compatible with each
other. Existing DID methods thus require the researcher either to impose linearity on an inherently
non-linear scale or to discard ordinal information through dichotomization.

To address these limitations, this paper develops a methodology for estimating causal effects for
ordinal outcomes with repeated observations. In contrast to the existing approaches, the proposed
method utilizes the ordering of categories through a latent variable framework, building on the
formulation for ordinal outcomes in discrete choice models (e.g., Maddala, 1983; Train, 2009).
I propose a set of identification assumptions that extend the distributional DID framework of
Athey and Imbens (2006) to ordinal outcomes (Section 2). Instead of assuming linearity on the

actual outcome, I impose identification assumptions on the latent continuous variable underlying



the ordinal outcome. This allows for the identification of the entire distribution of the latent
variable for the counterfactual outcome and further allows researchers to estimate various causal
quantities for ordinal outcomes, such as the distributional effect and the relative effect (Lu, Ding
and Dasgupta, 2018; Lu, Zhang and Ding, 2020).

I also develop an equivalence-based testing procedure that formally assesses the plausibility
of the key identification assumption using pre-treatment periods (Section 3). As in the standard
DID, the proposed procedure tests whether the assumption holds at least during the pre-treatment
periods. I show that the test statistic in the proposed equivalence test is related to the worst-case
bias of the treatment effects. This enables scholars to calibrate the equivalence threshold based
on the maximum tolerable bias in their applications, and thus overcome the common challenge
of equivalence tests regarding the selection of the equivalence threshold. I extend the proposed
framework to a semiparametric setting that relaxes the parametric assumption on the latent variable
distribution, and to the staggered adoption design where treatment timing varies across units
(Section 4).

The proposed methodology is closely related to the broader literature on non-linear DID (e.g.,
Athey and Imbens, 2006; Sofer et al., 2016; Callaway, Li and Oka, 2018; Glynn and Ichino, 2019;
Park and Tchetgen Tchetgen, 2022). Athey and Imbens (2006) extend their method to binary
and count outcomes, but provide only partial identification for non-continuous outcomes. Park
and Tchetgen Tchetgen (2022) propose an odds-ratio-based assumption applicable to any discrete
outcome (also see Richardson, Ye and Tchetgen Tchetgen, 2023; Tchetgen Tchetgen, Park and
Richardson, 2024), but their approach treats categories as unordered. Neither considers equivalence-
based testing procedures to assess identification assumptions.

Section 5 revisits a recent debate on the effect of mass shootings on attitudes towards gun
control regulations. Hartman and Newman (2019) and Newman and Hartman (2019) argue that
mass shootings increase support for stricter gun control, while Barney and Schaffner (2019) find no
strong evidence for this claim. Using the proposed methodology, I re-analyze a panel of over 16,000
respondents and find little evidence that mass shootings affect the support for gun control. An
open-source R package, orddid, implements the proposed methodology and is available at https:

//github.com/soichiroy/orddid.

2 The Proposed Methodology

2.1 The setup and estimands

Let Yi; € {0,...,J — 1} = J denote the observed outcome measured on an ordinal scale with .J

categories (J > 3) for unit ¢ € {1,...,n} and time ¢ € {0,1}. As a running example, I consider the
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effect of mass shootings on attitudes toward gun control regulations (Section 5), where J = 3 and
the outcome is coded as Y = 0 (less strict), Y = 1 (kept as they are), and Y = 2 (more strict). The
binary treatment, denoted by D; € {0, 1}, is assigned after Y;o is observed but before time ¢t = 1. 1
use the potential outcome notation to denote the counterfactual outcome, Yi(d) for d € {0,1}. For
example, Y;1(0) is an attitude toward gun control regulations that would realize in the post-period
if a respondent did not experience a mass shooting (i.e., the control condition).

This paper considers two types of causal estimands for the treated units. First, following
the conventional practice in the literature, I consider the treatment effect that is defined as the
contrast of the two marginal probabilities of the potential outcomes. However, following the growing
literature on causal inference with ordinal outcomes (e.g., Volfovsky, Airoldi and Rubin, 2015;
Chiba, 2017; Lu, 2018; Lu, Ding and Dasgupta, 2018; Lu, Zhang and Ding, 2020), I consider an

estimand that is more suitable for ordinal outcomes.

Conventional estimands As the conventional estimands, I focus on the difference in probabil-
ities per category. Specifically, the effect (; is defined as the difference in probabilities of category

7 under two conditions,
G=PYu(l)=4|D;i=1)-PYu(0)=4| D; =1). (2.1)

for j € J. In our application, (s is the difference in probabilities that those treated prefer more
strict gun control between the treated and the control conditions. Thus, observing (5 > 0 implies
that the mass shootings make people prefer stricter policies on gun control. Similarly, (o is the
effect of the treatment on the “less-strict” category and (p > 0 implies that incidents turn people
to prefer less strict regulations.

When the number of categories is large, it is useful to summarize the effects using the cumulative
effect A,

J—1
A;=P(Yi(1)>j | D;=1)—PYu(0) >j | Di=1)=Y ¢
(=j

for j € J\{0}. Since A; is a partial sum of ¢y, identifying (; suffices for all cumulative effects.

Estimand for ordinal outcomes The conventional estimands ¢; and A; do not fully capture
the nature of ordinal outcomes. For example, (; has a natural constraint Z}]:_ol ¢; = 0, which means
that a positive effect on one category must be compensated by negative effects on other categories.
In addition, there would be J — 1 number of effects to report for the case of ¢, which makes it

difficult to summarize the overall impact of the treatment on the ordinal outcome, especially when
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the number of categories increases.
Instead, I consider the relative effect for the treated that is useful to summarize the impact on

the ordinal outcome:
T=P(Ya(1) > Yu(0) [ D; =1) = P(Ya (1) <Y (0) | D; = 1). (2:2)

The relative effect 7 captures the overall tendency of the treatment effect on the ordinal outcome.
The positive impact on 7 indicates that the treatment tends to increase the outcome for the treated
units. In our application, 7 > 0 implies that the mass shootings generally make people prefer stricter
gun control policies.

The benefit of the relative effect 7 is that it summarizes the impact on the entire distribution
on the outcome, and therefore does not depend on the choice of reference category. The downside
of the effect is that it depends on the joint distribution of the potential outcomes, which is not
point identified in general unless strong assumptions are imposed on the joint distribution on the
potential outcomes. I leverage the sharp bound derived in Lu, Zhang and Ding (2020) to provide
the identification bound on 7 in the current setting. The upper bound is given by

T<1y =1+ 1§Ijn§i}flﬂ 1S§I’1§h}7—j {Aj+ A5}
where 77 is a function of marginal distributions of the potential outcomes only. The expression of

the lower bound and the derivation is presented in Appendix A.1,

2.2 Identification

Since Y;1(0) is not observed for the treated units, the goal is to identify P(Y;1(0) = j | D; = 1)
for all j € J. Following Athey and Imbens (2006), I omit the subscript ¢ for units and denote
Yar ~ Yi(0) | D; = d where A ~ B indicates A and B are equivalent in distribution. While we
observe Yy, Yp1 and Y, the counterfactual outcome Y17 ~ Y;1(0) | D; = 1 is not observed.

I first impose a structure on the potential outcome. Specifically, I assume that the observed
categorical outcome follows the index model, which means that there is a latent variable behind Yy,

and that the categorical outcome is defined by a simple thresholding rule on the latent variable.

Assumption 1 (Index model). Assume that the potential outcomes follow the index model such



that there exists a latent variable Y, € R for all (d,t), and

0 if ko < Yj; < K1
Ydt = ] if Kj < Yd*t < Kjt+1 (2-3)

J—1 if /iJ_ngd*;SnJ

where {Hj}}‘]:O are a set of cutoffs with kg = —oo and k; = oo.

Assumption 1 says that the potential outcome defined on an ordinal scale Yy, is a function of a
latent potential outcome Y; defined on a continuous space. The assumption allows us to work on a
continuous space through Y. In the gun control application, Y, represents the continuous latent
attitude toward firearm regulation, and respondents report one of the three categories depending on
where this latent attitude falls relative to the cutoffs. The cutoff values are constant across groups
and time, but this is not restrictive because any group and time specific cutoffs can be absorbed
into the distribution of Y}, (e.g., by shifting mean and variance).

Since {(j}jcs depends on the entire marginal distribution of the potential outcome, I further

impose a distributional assumption on Y.

Assumption 2 (Location-scale family assumption). Let U denote a continuously distributed ran-
dom variable with mean 0 and variance 1 with known distribution function F'. Assume that Y},

belongs to the location-scale family, that is, it can be written as
Yd*t ~ Ugt + O'dtU, U~F (24)

where pg; is the location, o4 is the scale parameter, and F' is the base distribution.

Assumption 2 specifies the distribution of the latent utilities. It assumes that each marginal
distribution belongs to the location-scale family distribution with time and group specific location
and scale parameter. This implies that the distribution of the potential latent outcomes between
time and groups are different up to mean and the scale.

The assumption is general in that it can accommodate a wide class of distributions as the base
distribution F. For example, in the standard ordinal regression analysis, the normal distribution
or the logistic distribution is often assumed as the base distribution. However, other parametric
distributions such as the ¢-distribution or the extreme value distribution, or some mixture distri-
butions can also be used as the base distribution. Note that the joint distribution of the latent
utilities is left unspecified, so units can have correlated latent utilities over time.

One limitation of Assumption 2 is that a researcher must specify the base distribution F in
advance. A misspecification of the base distribution may lead to biased estimates of the treatment
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effects. To overcome the limitation, in Section 4.1, I develop a semiparametric approach that
allows for F' to be unknown and estimated nonparametrically from the data, when a rich set of pre-
treatment covariates is available. The semiparametric approach allows scholars to avoid imposing
a specific distribution on F' for the latent utilities. This section maintains the assumption that the
distribution F' is appropriately specified.

Finally, I assume that the shift in the distribution of latent outcomes across time is constant
between the treatment and the control groups. This allows us to use the distributional change in

the control group over time to infer the counterfactual distribution for the treated group.

Assumption 3 (Distributional parallel trends). Let Fy:(y) = P(Yj < y) be the cumulative
distribution function (CDF) of Y, and define gq(v) = Fy; o Fz (v). Then, we assume that for all
v e (0,1),

71(v) = qo(v) (2.5)

Assumption 3 imposes a restriction on the relationship between the pre-treatment latent out-
come Y7 and the counterfactual latent outcome Y7, based on the relationship between two latent
variables in the control group. The assumption is originally introduced by Athey and Imbens (2006),
and Sofer et al. (2016) calls it the “equi-confounding” assumption. The assumption requires that
the unobserved confounders affect the distribution of the latent outcome in the same way across
groups. In the gun control application, this means that the distributional shift in latent attitudes
between the pre- and post-periods would have been the same for respondents near and far from
mass shooting sites, absent the shootings.

Figure 1 graphically illustrates the assumption. The key part of this assumption is that the
vertical arrows in the two graphs should be the same length. In other words, ¢4(v) — v captures the
trend in the distribution (i.e., how much Y, “shifts” between t = 0 and ¢ = 1) and the assumption
says that the “shift” is identical across two groups. This means that for each choice of v, the
corresponding value of gg(v) (“shift”) should be the same for d = 0, 1.

Under Assumption 2, ¢4(v) admits a simple form

Hd1 — Hdo 0dl 151
qdv:FU<+F v>
( ) 0do 040 v ( )

where Fy is the CDF of U. This implies that Assumption 3 reduces to the non-linear constraints

on the parameters:

H11 — K10 Ho1 — Moo 011 001
= and ——

J10 g00 J10 J00

However, I maintain the original form of the assumption as it is simpler to interpret and visualize.
In Section 3, I develop a diagnostic tool that leverages the maximum deviation between ¢ (v) and
qo(v) to assess the plausibility of the assumption.
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Figure 1: Graphical illustration of Assumption 3. Left (right): cumulative distribution functions
of the latent utilities Y, under the control (treatment) condition. Blue (gray) lines indicate the
distribution for time ¢t = 1 (¢ = 0). Dashed line on the right panel is the distribution of counter-
factual outcome Y} ~ Y3(0)|D; = 1. The key assumption is that the length of the vertical arrow
(red) is the same between the two panels for all range of v. This allows us to recover the shape of
the dashed line based on latent utility distributions for the observed outcomes (i.e., solid lines).

Assumption 3 incorporates the standard parallel trends assumption on the latent outcome as a

special case:
E[Y;:(0) | D; = 1] — E[Y;5(0) | D; = 1] = E[Y;%(0) | D; = 0] — E[Y;5(0) | D; = 0].

which is equivalent to u11 — 10 = po1 — poo- However, this requires that the variance of the latent
outcome is constant across time and groups, o4 = o for all d and ¢. Assumption 3 allows for
heterogeneity in the variance, which is more flexible and suitable for the distributional treatment
effect.

Assumption 1, 2 and 3 identify the distribution of the counterfactual outcome. Proposition 1

presents the formal result.

Proposition 1 (Identification of the Counterfactual Distribution). Under Assumption 1, 2, and
3, together with the normalization that ogg = 1 and k1 = 0, the distribution of the counterfactual

latent utility Y is identified as

Y] ~ par +onU (2.6)
where
01 — Moo 010001
M11=M10+u and o011 = —.
a00/010 000



And thus, the distribution of the potential outcome is identified as

pmm»;ﬂm:gzﬂ4@H—Mj_ﬂ«w—MQ
011 o11

forj=0,...,J —1, where Fy(u) = P(U < u) is the CDF of the base distribution U.

Proof is in Appendix E. Proposition 1 says that the location and the scale of the counterfactual
latent outcome Y are uniquely determined by parameters of observed outcomes. This implies
that we can recover the distribution of the counterfactual outcome Y11 ~ Y;1(0)|D; = 1 (i.e., the
potential outcome under the control condition for the treated unit at time ¢ = 1) using parameters
estimated from the observed data, Yy, Yp1 and Yig. For example, if we assume that U follows the
standard normal distribution, we have that Y} follows the normal distribution with mean p1; and

variance 0%1 .

2.3 Estimation and Inference

I propose a three-step estimator to estimate the marginal distribution of the potential outcomes.
Once the estimates of the marginal distribution are obtained, the causal effects are estimated
by the plug-in method. In Proposition 2, I show that the proposed estimator is consistent and

asymptotically normal under the standard regularity conditions for M-estimator.

Estimating the marginal distribution

Step 1: Estimate parameters and cutoffs for the Yyg. We estimate the cutoffs and mean parameter,

while normalizing the scale parameter to ogg = 1 and k1 = 0 for identification.

(fioo, B) = arg max » > 1{Y¥io = j}log { F(k;41 — poo) — F(r; — p100) }.
i:D;=0 €T

Step 2: Estimate parameters for Yp; and Yi9. We estimate the location and scale parameters for

each outcome, while fixing the cutoffs to the estimates obtained in Step 1.

(Ho1,001) = arg max Y > 1{Yi = j}log {F((Rj+1 — por)/oor) = F((Rj — por) /oor) }
D=0 jeJ

Parameters for Yig are estimated similarly.

Step 3: Finally, we recover the distribution of the counterfactual outcome Y7; as

B(via =) = (S p (R

011 o11
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where fi11 = fi10 + 010(Ho1 — Hoo) and 711 = G10001.

Estimating the causal effects The first estimand ZJ can be immediately estimated by plugging

in the estimate of the marginal distribution of Y7; obtained in the previous step:
G =PYa=j|Di=1)=P(Y1n =)

for all j € J, where P(Yyy = j | Di = 1) = X", D;i1{Y; = j}/n1.
The bound on the relative effect 7 can be estimated by plugging in the estimates of the marginal
distributions of Y71 and Yj;. Specifically, the upper bound is estimated as

7y =14+ min min A+ A
1<j<J-1 1§j’§J—j{ i+ By}

~

where A; = P(Yyy > j | Dy = 1) = P(Y1, > ).
The following proposition establishes the consistency and asymptotic normality of the proposed

estimator for treatment effects.

Proposition 2 (Asymptotic properties). Assumption 1, 2, and 3 hold. In addition, the reqularity
conditions in Assumption A.12 hold. Then, the estimator {@}3]:_01 is consistent and asymptotically

normal: As n — oo, we have (j LN ¢j and

o~

V(G —¢) 5 N0, Vi)

for all j € J, where Vj; is the j-th diagonal element of the asymptotic variance-covariance matriz
V defined in Appendiz E.3.

In addition, suppose that the margin condition in Assumption A.13 holds. Then, the estimator
for the upper and lower bounds of the relative effect are consistent and asymptotically jointly normal:

~ p ~ P
As n — oo, we have T, = T, Ty — Tu, and

L — TL d Vir Viw
N - N |0,
U — TU Vur Vou

Proof is in Appendix E.3. The first part of the proposition establishes the consistency and
asymptotic normality of the estimator for the distributional treatment effect (;. The second part
establishes the same properties for the estimators of the bounds on the relative effect 7. The results

follow from a standard application of the M-estimation theory.

10



Statistical inference Based on the asymptotic normality established in Proposition 2, we can
conduct statistical inference for the proposed estimators. For the distributional treatment effect
(j, we can construct the (1 — a) confidence interval. The asymptotic variance-covariance matrix
V can be consistently estimated using the nonparametric bootstrap method or by computing the
sample analog of the variance formula derived in Appendix E.3.

For the relative effect 7, I construct the confidence interval for the partially identified parameter
using the method proposed by Imbens and Manski (2004). Specifically, let 77, and 7y be the

estimators for the lower and upper bounds of 7, respectively. The (1 — «) confidence interval for 7

Cri-a = [?L — Z1-a'\/ Vin/n, T+ 21-a)\/ VUU/”:|

where Y7L 1, and 17UU are consistent estimators of Vi1, and Vi, respectively, and z1_ is the critical
value that solves ®(z1_q 4 0) — ®(—21-a) = 1 — a with § = /n(7y — 71)/ max{\/ Vi, \/ Vo }-

This confidence interval covers the true parameter 7 with at least 1 — o probability.

is given as

3 Assessing the distributional parallel trends assumption

This section develops a statistical procedure to assess the validity of the key identification as-
sumption using pre-treatment periods. As in the standard DID design (e.g., Angrist and Pischke,
2008), additional pre-treatment periods provide an opportunity to assess the distributional parallel
trends assumption (Assumption 3). Specifically, I propose an equivalence-based testing procedure
to assess the plausibility of the distributional parallel trends assumption (Assumption 3). If the
assumption holds in the pre-treatment periods, it is more reasonable to claim that it holds in the
post-period. In Appendix B.5, I also develop a Wald-based test as an alternative approach to assess

the assumption.

3.1 The proposed equivalence testing procedure

Suppose that we now observe the outcome for three time periods, Yo, Y;1 and Y;» where Yo is
the post-treatment outcome and Y;g and Y;; are the pre-treatment outcomes. The treatment is
administered after time ¢ = 1 in this setup, and thus we have Y;;(0) = Y** for ¢ = 0, 1 regardless
of the treatment status.

The goal is to assess if the distributional parallel trends assumption holds in the pre-treatment
periods. Let Gq(v) = Fyo(Fj;' (v)) denote the pre-treatment analog of g4(v) defined in Assump-
tion 3. Recall that gg(v) captures the shift of distributions over time evaluated at quantile v, and
the assumption requires ¢i(v) = go(v) for all v € (0,1). I propose an equivalence-based testing
procedure to assess if g1 (v) = go(v) holds for all v during the pre-treatment period. The intuition
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is that if the maximum deviation between ¢; and ¢g is “small” enough, then we may conclude that
the two functions are equivalent and the assumption is more plausible. Let r(v) = ¢1(v) — qo(v)
and ||7||, = sup,e(o,1) [7(v)|. For some threshold value of § > 0, the equivalence test is formulated

as the following hypotheses:
Hy: ||r|loo >0 and Hy: (]|, <6 (3.1)

where Hy says that the maximum deviation between two functions is larger than an acceptable
level of equivalence ¢, and Hj says that the maximum deviation is smaller than J.

The equivalence-based approach is appealing to test the condition, since we do not conflate the
power of the test with the evidence for the assumption (see Hartman and Hidalgo, 2018). The test is
constructed such that the null hypothesis implies that the distributional parallel trends assumption
does not hold with an acceptable level of deviation §. Therefore, rejecting the null provides direct
evidence in favor of the identification assumption (or more precisely the pre-treatment analog of the
assumption). When the test fails to reject the null, either because of the violation of the assumption
or lack of power, we conclude that there is not enough evidence to support the assumption. A similar
approach has been considered in the DID literature to test the parallel trends assumption (e.g.,
Egami and Yamauchi, 2023; Liu, Wang and Xu, 2024).

For now, we assume that a researcher has selected a value of § to assess the equivalence. In the
next section, I explore a practical approach to choose a reasonable value of d. Specifically, I show
that the bias of the treatment effects can be bounded as a function of §, and that researchers can
choose § based on the acceptable level of bias in the estimated effects.

The above test in (3.1) can be cast as a standard two one-sided test (TOST) problem (Wellek,
2010). Specifically, the null Hy is a union of two one-sided hypotheses: Hy = Hy U H; where

Hf: sup r(v)>6 and Hy: inf r(v) < -6.
ve(0,1) ve(0,1)
This decomposition implies that we can conduct two one-sided tests to determine if we reject the
original null Hy or not. In other words, we conclude that Hy is false if we reject both HSF and Hj .
For example, the null ng is rejected at level «, if the largest upper confidence interval is smaller
than ¢, that is,
supUi_q(v) < 9
v

where U;_,(v) is the upper bound of a 100(1 — «)% point-wise confidence interval for 7(v).
The test statistics 7(v) can be estimated by estimating parameters pg and og from the pre-

treatment data. The estimating procedure is similar to that in Section 2.3, but I present the details
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of the procedure in Appendix B.1 for completeness. The confidence intervals Uj_,(v) and Li_4(v)
can be computed by evaluating the variance formula in Lemma A.6 or by bootstrap.

Proposition 3 shows that the proposed procedure is in fact an asymptotically level « test. The
test rejects the null of non-equivalence with probability less than o when the null is true (i.e., type

I error is controlled) for any choice of ¢ that is consistent with the null.

Proposition 3 (Asymptotic size control of the test). Consider a TOST that rejects Hy in (3.1)
at level a iff R+ NR_ where R4 and R_ are the rejection events for HJ and H; , respectively:

Ry = { sup Ui_q(v) < 5} and R_ = { inf Li_o(v) > —5}.
v€e(0,1) ve(0,1)
Here, Ui_q(v) and Li_,(v) are the upper and lower bounds of a 100(1 — «) % point-wise confidence

interval for 7(v). Then, for any 0 that is consistent with the null hypothesis,

sup P(R+ NR-) <a+o(1).
PeHy

as n — oQ.

In Proposition A.2, I show that the test is also consistent: the power of the test goes to one as
the sample size increases when the alternative hypothesis is true (i.e., when the assumption is likely
to hold). In Appendix B.2, I provide a power analysis of the proposed test, which shows that the
power of the test is increasing in the distance between ¢ and the true maximum deviation ||r|| .

I can construct an equivalence confidence interval by inverting the above test. Specifically, the
equivalence confidence interval is given by [—3\,3\] where & corresponds to the smallest value of §

such that we reject the null of non-equivalence at level a:

5= max{ sup Uj_q(v),— inf Ll_a(v)}.
ve(0,1) ve(0,1)

The value d is informative in interpreting the test result. For example, if the estimated value
is 0 = 0.03, then we can conclude any value of ¢ larger than 0.03 (e.g., 6 = 0.1) would lead to the
rejection of the null of non-equivalence at level « (i.e., we practically conclude that the assumption
is plausible given the specified value of ¢). In Appendix B.3, I also provide a procedure to compute

the p-value associated with the test.

3.2 Calibrating an equivalence threshold § based on the worst case bias

So far, we have assumed that researchers have a clear idea what value should be used to assess
the equivalence. In this section, I discuss how to choose a reasonable value of § in practice. In
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particular, I motivate the selection of § based on the relationship between the value of § and the
potential bias in the estimated causal effects.

In Proposition A.3, I show that the bias of the estimated effects is bounded as a function of §:
|Bias(5j)| <25/M +o0p(1) and |Bias(3j)| < /M + op(1) (3.2)

where M = inf,¢(o1) qo(v) is a constant that depends on the slope of go(-) and can be estimated
from the data. In Appendix B.4, I provide a procedure to estimate M from the data.

The result in (3.2) provides a useful guideline to choose § based on the acceptable level of bias
in the estimated effects. For example, suppose that a researcher considers one percentage point
as the acceptable level of bias in the estimated causal effects. Then, they can choose ¢ such that

20/M = 0.01 or equivalently § = 0.005M.

4 Extensions

4.1 Semiparametric Estimator with Covariates

When a rich set of pre-treatment covariates is available, we can relax the parametric assumption on
the base distribution F' in Assumption 2. Let X; be a vector of observed pre-treatment covariates
for unit 7. Given the covariates, we can assume that the distributional parallel trends assumption

holds conditionally on X;. Specifically, we can modify Assumption 3 as follows.

Assumption 4 (Conditional Distributional Parallel Trends). For all v € (0,1) and « € X,

@ (v | @) =qo(v| =),

where gq(v | ) = Fdo(Fd_ll (v | x) | x) is the conditional quantile-quantile transform defined using

the conditional distributions Fy(y | ) = Pr(Y;;(0) <y | D; = d, X; = x).

A similar assumption that conditions on covariates has been discussed in Sofer et al. (2016)
in the context of negative control outcomes. Here, I extend the assumption on the latent variable
Y* given observed covariates. The identification formula based on this assumption is presented in
Appendix C.

To estimate the model with covariates, I propose the following specification of the parameters:

par(x) = mTﬁdt» and og(x) = exp(a:det).

Under the location-scale model, modeling the mean and the standard deviation as functions of
covariates is sufficient to characterize the entire conditional distribution. I estimate the base dis-
14



tribution F' nonparametrically using the NPMLE under the interval-censoring model induced by
the ordered response (Cosslett, 1983; Liu and Yu, 2024). Although the estimator depends on the
nonparametric estimate of the base distribution F , I show that the treatment effect estimator Ej
attains asymptotic normality at the parametric rate (Proposition A.5). The estimation procedure,

asymptotic theory, and simulation results are presented in Appendix C.

4.2 Staggered Adoption

I extend the proposed approach to a staggered adoption setup. In many policy studies, the treat-
ment is adopted at different times across units, making the staggered adoption design one of the
most common data structures in applied research (e.g., Callaway and Sant’Anna, 2021).

Let G; € {1,...,T,00} denote the time period when unit ¢ first receives the treatment, with
G; = oo for never-treated units. The identifying assumption requires that the quantile-quantile
transform between any two time periods is identical for the treated group G; = g and the never-
treated group G; = oco. This is a natural extension of the distributional parallel trends assumption
(Assumption 3) to the staggered adoption setup, analogous to the group-specific parallel trends
assumption discussed in Callaway and Sant’Anna (2021). The target estimands are group-time
specific effects (j(g,t) and 7(g,t), which measure the category-specific and relative effects for the
group first treated at time g, evaluated at time ¢ > g. These can be aggregated into overall effects
Zj and 7 using researcher-specified weights (see Callaway and Sant’Anna, 2021, for a discussion
on aggregation). The formal setup, identification, and estimation procedure are presented in Ap-

pendix D.

5 Empirical Application

As discussed in the introduction, a recent debate examines the effect of mass shootings on public
support for gun control regulations (Newman and Hartman, 2019; Barney and Schaffner, 2019; Hart-
man and Newman, 2019). The attitude toward gun control is measured via a survey question in the
Cooperative Congressional Election Study (CCES) (Kuriwaki, 2018; Schaffner and Ansolabehere,
2015):

In general, do you feel that laws covering the sale of firearms should be made more

strict, less strict, or kept as they are?

(0) Less Strict; (1) Kept As They Are; (2) More Strict.

Throughout the debate, the authors utilize a variety of methodologies, such as an ordered probit
model with random effects and a linear fixed effect model, to estimate the impact of mass shootings
on the attitude (see Table 2 in Appendix G).
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I first reanalyze the two-wave panel of CCES (2010-2012). The two-wave panel is the primary
dataset for the panel-based analyses in the original debate: Newman and Hartman (2019) use it as
their main panel analysis, and both Barney and Schaffner (2019) and Hartman and Newman (2019)
center their replication and reanalysis on this dataset. I then analyze the three-wave panel of CCES
(2010-2012-2014), which allows us to assess the identification assumption using the additional pre-
treatment period.

I estimate the category-specific effects (; for j = 0,1,2 and the relative effect 7 as defined in
Section 2. Recall that less-strict is coded as 0 and more-strict is coded as 2. A positive 7

indicates that mass shootings increase the likelihood of preferring stricter regulations.

5.1 Results from the two-wave panel

This section presents the results of the analysis on the two-wave sample from CCES (n = 16, 553).
The outcome is measured in 2010 and 2012 and I treat a response in 2012 as the post-treatment
outcome. 1 consider two definitions of the treatment variable based on the distance from the
mass shooting incidents. In the first definition, respondents living in a neighborhood where mass
shootings happened within 25 miles between 2010 and 2012 are considered as treated (n; = 1,611).
I also use 100 miles as an alternative threshold for defining the treatment group (n; = 4,877). This
mirrors Barney and Schaffner (2019)’s approach who considered multiple distance thresholds to
define the treatment group. In total, there were 16 mass shooting incidents recorded in the dataset
between the two waves of CCES (Newman and Hartman, 2019, Appendix C).

I also investigate effect heterogeneity by pre-treatment covariates. First, following the original
papers, I investigate if effects vary across respondents’ party affiliations. Second, I investigate if the
baseline safety of the neighborhood affects how people respond to mass shootings. Respondents
are classified into either “prior exposure” or “no prior exposure” group based on whether mass
shootings occurred within 100 miles of their area in the last ten years (as of 2010).

Figure 2 shows the main results. The left panel of the figure shows the estimated effect Ej
for j = 0,1,2. The red circles represent estimates for the 100 mile threshold, while blue triangles
represent estimates for the 25 mile threshold. The estimates ZO capture the effect on the probability
of preferring less strict gun regulations, while 62 captures the effect on the probability of preferring
more strict control of firearm sales. Along with point estimates, I also show the 95% confidence
intervals, which are computed using B = 5,000 block bootstrap draws clustered at the zip code
level.

The figure shows that in both definitions of the treatment coding, we see a decrease in the
middle category (keep-as-they-are), while there are small increases in both tails (less-strict and

more-strict). However, the confidence intervals cover zero for all estimates.
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Figure 2: Left — Estimated treatment effects ZJ with 95% confidence intervals. Red circles indicate
effect for the 100 mile threshold, while blue triangles indicate effect for the 25 mile threshold. Labels
above estimates indicate subsamples used for the analysis where n indicates the size of the sample.
Right — Estimated bounds on the relative effect [77, 7y7] (solid lines) with 95% confidence intervals
(thin lines). Red lines indicate effect for the 100 mile threshold, while blue lines indicate effect for
the 25 mile threshold.

The right panel shows the estimated bounds on the relative effect 7. The identification region
always contains zero, so we cannot rule out no overall shift in the distribution of the outcome.

Overall, the results do not provide strong evidence that experiencing nearby mass shootings
affects people’s attitudes toward gun control regulations in either direction. The original studies
reach different conclusions using ordered logit with random effects, ordered logit with fixed effects,
and linear two-way fixed effects (see Table 2 in Appendix G), none of which directly targets the
ordinal structure under a transparent identification assumption. In Appendix G.2, I also apply the
semiparametric estimator from Section 4.1 with pre-treatment covariates.

Figure 3 shows the results of subgroup analysis by partisanship. The panels in the first row
show the estimates for Zj, where columns correspond to the three categories of the partisanship.
The figure shows that effects for Democrats (left panel) and Republicans (right panel) are in the
expected direction: Democrats tend to move toward stricter regulations while Republicans tend to
move toward less strict regulations, and the pattern is more pronounced when we use the 25 mile
threshold. However, across the estimates, the 95% confidence intervals always cover zero.

The panels in the second row of Figure 3 show the results for the relative effect 7. Appendix G.3

reports a similar analysis stratified by prior exposure to mass shootings.
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Figure 3: Upper panels — Estimated treatment effects ZJ for j = 0,1,2 by party identification
with 95% confidence intervals. Circles indicate effects under the 100 mile threshold, while triangles
indicate effects under the 25 mile threshold. Lower panel — Estimated bounds on the relative
effect [7r, 7y| by party identification (thick lines) with 95% confidence intervals (thin lines).

5.2 Diagnostics using three-wave panel

To demonstrate the practical use of the proposed diagnostic test, I analyze the three-wave panel
from CCES (2010-12-14) in this section. The goal is to use the pre-treatment periods (2010 and
2012 waves) to assess if the identification assumption in Assumption 3 is plausible.

I create a pre-treatment sample from the three-wave panel data by including only two types
of respondents: (1) those who never experience the mass shootings throughout the sample periods
(control group) and (2) those who experienced the mass shootings only after 2012 (treated group).
To avoid the possibility that the past exposure might affect the baseline attitudes, I further condition
on respondents in the “no prior exposure” group. I report the details of the sample construction in
Appendix G.

I apply the diagnostic test proposed in Section 3 to the pre-treatment outcome between 2010
and 2012. The goal here is to statistically test if g1(v) = go(v) holds for all v € (0, 1), where gg(v)
is the pre-treatment analog of the quantile-quantile relationship defined on group d. Specifically, 1

test the null hypothesis of non-equivalence, Hy: |||, > 6.
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Figure 4 shows the estimated differences between the two quantile-quantile transformations 7(v)
(solid line) with the point-wise 95% confidence intervals (dashed lines). The left panel shows the
result for the 100 mile threshold, and the right panel is for the 25 mile threshold.

To facilitate the interpretation of the results, I also show the equivalence confidence intervals
[—S,A] (red lines) in the figure. The equivalence confidence interval corresponds to the rejection
threshold  such that any choice of ¢ larger than 5 leads to the rejection of the null at the 5% level.
For example, suppose that we pick § = 0.1 as our equivalence threshold. Then, in both definitions
of the treatment, we can reject the null of non-equivalence at the 5% level since the equivalence

confidence interval is strictly contained in [—0.1,0.1].
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Figure 4: Estimated 7(v) (solid line) with point-wise 95% confidence intervals (dashed lines). Red
lines show the equivalence confidence intervals [—d,0]. The left panel shows the result for the 100
mile threshold, and the right panel is for the 25 mile threshold. The result suggests that the null
is rejected at the 5% level with § = 0.044 for the 100 mile threshold and 6 = 0.064 for the 25 mile
threshold.

The result suggests that the null of non-equivalence is rejected at the 5% level when we choose
4 > 0.044 for the 100 mile threshold and ¢ > 0.064 for the 25 mile threshold. Applying the worst
case bias formula in (3.2), these values of ¢ correspond to the maximum biases of approximately
10.1 and 14.1 percentage points. In other words, if a researcher is willing to tolerate these levels of
biases in the estimated effects, then the identification assumption would be considered as plausible
based on the pre-treatment data.

Taken together, the two-wave analysis finds no strong evidence of a uniform shift in either
direction, and the three-wave diagnostic suggests that the identification assumption is plausible

when the researcher tolerates moderate levels of bias.
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6 Concluding Remarks

Despite recent progress in the DID literature, ordinal outcomes have received limited methodolog-
ical attention. In this paper, I proposed a latent variable approach that formulates distributional
shift on the continuous variable underlying the ordinal outcome and identifies the entire counter-
factual distribution without imposing linearity on the observed outcome scale. I also developed an
equivalence-based testing procedure that connects the test threshold to the worst-case bias in the
treatment effect estimate, so that researchers can assess whether the identification assumption is
plausible.

The proposed framework involves several trade-offs that practitioners should consider. The
basic model assumes a parametric distribution for the latent variable, which could introduce bias
when the distribution for the latent variable is misspecified. The semiparametric extension in
Section 4 relaxes this assumption at the cost of requiring covariates and a larger sample size. The
proposed method is most useful when researchers have ordinal outcomes with a moderate number
of categories and panel data with at least three time periods (two pre-treatment periods and one
post-treatment period). When the outcome is continuous, the distributional DID approach of Athey
and Imbens (2006) or the existing methods based on the parallel trends assumptions can be directly
applied.

Several directions for future research remain open. First, the current framework handles pre-
treatment covariates, but extending it to time-varying confounders would let researchers handle
settings where covariates evolve alongside the treatment. Second, extending the method for mul-
tiple ordinal outcomes would be useful for applications where the attitudes are measured through
multiple questions. The latent variable framework proposed in this paper would be well-suited for
this extension.

The open-source R package orddid implements the proposed methodology and is available at

https://github.com/soichiroy/orddid.
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A Causal Estimands for Ordinal Outcomes

A.1 Sharp bound on the relative effect

Following the notation in Lu, Zhang and Ding (2020), write the marginal distribution of the po-
tential outcomes for the treated group as

pr+ =Pr(Yu(l) =k | D =1) pr =Pr(Yiu(0)=1|D=1)

for k,1 € {0,...,J —1}. The following proposition presents the sharp bounds on the relative effect
7. The only difference from Lu, Zhang and Ding (2020) is that I consider the treatment effect on
the treated group, thus replacing all the marginal probabilities with those conditional on D = 1.

Proposition A.1 (Theorem 1 of Lu, Zhang and Ding, 2020). For j = 1,...,J — 1 and m =
., J — 74, define

J—-1
]m—zpk++ Z Pk++zp+z Z P+
k=j+m l=j+m—1

with the convention that a sum over an empty index set equals 0. Then the sharp upper bound is
Ty = min min = djp,.

1<j<J—1 1<m<J—j

Define, for the same index ranges,

J-1
Eim = — ZP—H + Z Py + ZPH - ) et

I=j+m k=j+m~—1
= Z pk+—ZPk+—Zp+z Z Dt
k=j4+m—1 l=j+m
Then the sharp lower bound is given by
T, = max  &jm.

1<]<J 1 1<m<J—j

We can express the upper and lower bounds in a more compact form. Let Dy (j) = Pr(Y;1(1) >
j|1D=1)—Pr(Y(0) > j| D =1). Then,

. . ./
o =14 min 11<§;1<1r} J{DU( 7)+Du(j+3"}
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B Additional Results on Equivalence Testing

B.1 Implementation of the equivalence test
The proposed equivalence test consists of evaluating two rejection events:
Ry = { sup Ui_q(v) < (5} and R_ = { inf Li_q(v) > —5}.
ve(0,1) ve(0,1)

Evaluating these events requires constructing point-wise confidence intervals for 7(v).
This section discusses how to construct the confidence intervals from the data on the pre-
treatment periods. Under Assumptions 1 and 2, we can express gqz(v) as a function of the model

~ Hd1 — Hdo Odl -1
qi(v) = Fy < + —F; (v >
() o oap Y )

parameters 6:

for d € {0,1}. Therefore, the test statistics 7(v) can be computed once the model parameters are
estimated from the data.
Following the estimation procedure similar to Section 2.3, I estimate parameters as follows:

Step 1 Estimate pgp and & using the data from the control group in the pre-treatment period. I
normalize ogg = 1 and x1 = 0 for identification.

Step 2 Estimate 04 = (pqt, 0q¢) for (d,t) € {(0,1),(1,0),(1,1)} by maximizing the likelihood

édt = arg max Z Z 1{Y;; = j}log {F((ﬁjﬂ — ptar)/oar) — F((Rj — ’udt)/adt)}
Hdi:9dt  ;.p—djeg

where I use the estimated cutoffs K from Step 1.

Step 3 Compute 7(v) on the grid of v € (0,1) as

where

= Hal — Hdo  Odl -1
ggv) =Fy| ——— + —F, U>-
i(0) = Fy (PP T )

Step 4 Construct a point-wise confidence interval for 7(v)

Ui_a(v) = 7(v) + 21—/ Var(F(v)) /n

where the variance can be estimated using the variance formula in Lemma A.6 or the boot-
strap. The lower bound Lj_,(v) is constructed similarly.

Lemma A.6 in Appendix E.1 establishes the validity of the above confidence interval construction
by showing the point-wise asymptotic normality of 7(v).

Given the confidence intervals, the test can be conducted by following the procedure in Sec-
tion 3. Furthermore, related statistics such as equivalence confidence intervals and p-values can be
computed with the confidence intervals.
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B.2 Consistency and power of the equivalence test

In Proposition A.2, I show that the proposed equivalence test is consistent.

Proposition A.2 (Consistency of the test). For fized values of o € (0,1) and § € (0,1), suppose
that there exists € > 0 such that
()l <0 =6

then, the TOST defined in Proposition 3 is consistent.
PMRiNR_)—1
as n — 0o.

Proof is in Section E.5. The result shows that when the null hypothesis under a fixed § > 0
is false (i.e., the distributional parallel trends assumption holds with some margin §), the test will
reject the null with probability approaching one. In other words, asymptotically, the test has power
one against fixed alternatives.

Based on the above results, we can also express the asymptotic power function. Power is
the probability of correctly rejecting the null hypothesis when the alternative is true. Let vT =
arg maxr(v) and v~ = arg minr(v) be the unique maximizer and minimizer of r(v). Then, the
power function in our context can be expressed as follows.

B=Pr(Ui—a(v") <8, Li_a(v’) > =0 | |r(v)],, <0)

rejection event alternative true
Py Tt —r(vT) r@t) -4 . rv7)—=r(™) rw)+d B
- ( R I U Y TN U T CR TRV )
=Zy =Z_

where in the second equality I used the fact that when ||r(v)||,, <4, it can be either r(v") < § or
r(v™) > =4, with

§—r(vth)

6 +r(v-
0= Smy e = S

BT T
and p = Corr(7(v"),7(v7)).
Intuitively, the power increases as the distance between r(v") and §, or r(v~) and —6, increases.
In other words, when we specify a lenient threshold § that is far away from the true maximum
deviation ||r(v)|| .,
Figure B.1 shows the power curves under different sample sizes and correlation between 7(v™)
and 7(v™). The figure shows a scenario with o(vt) = o(v™) =1 and r(vt) = 0.2, r(v") = —0.15.
The z-axis is the distance between ¢ and ||r(v)

the test has higher power to reject the null hypothesis.

||, and the y-axis is the power.

As we expect, the figure shows that the power increases as the distance between ¢ and ||7(v)]|
increases. This means that when the sample size is small, we need to specify a lenient threshold §

to have sufficient power. Also, the power is lower when the correlation p is higher.
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Figure B.1: Power curves of the equivalence test under different sample sizes and correlation

between 7(v") and 7(v~). The power is increasing in the distance between § and ||r(v) and in
the sample size. The power is lower when the correlation is higher.

||oo’

B.3 p-values for the equivalence test

The result in Proposition A.2 indicates that we can compute the p-value for the test by solving the
rejection rule with respect to a,

ﬁ:max{ max pi(v), max ﬁg(v)},
vE(e,1—¢€] vE[e,1—¢]

where [¢,1 — €] is a grid over (0,1) for small value of ¢ > 0 chosen for numerical stability, where
p1(v) and pa(v) are the point-wise p-values for testing:

piv)=1-2 /5\_—?@) and pa(v)=1-—@ /5\—1——?(11)
Var(7(u)/m Var (7 (v)/n

Intuitively, the p-value for the test is the maximum of all point-wise p-values because we are
testing the maximum deviation of ¢1(v) — go(v).

B.4 Calibrating an equivalence threshold J

I show that the bias of the estimated effects can be bounded as a function of the equivalence
threshold §.

Proposition A.3 (Worst case bias bound). Let § = ||r(v)||,, where r(v) = ¢1(v) — qo(v). Then,

[e.e]
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the worst case bias of the estimated effects is bounded as
|Bia5(@)] <20/M +o0p(1) and |Bias(ﬁj)| < §/M + op(1)
where M = inf,¢(g 1) q5(v)-

The proof is in Section E.6.

Estimating M from the data To estimate M = inf,¢ (g 1) qy(v) from the data, I first derive the
expression of gj(v) as

. fula+bF; ' (v))
fu(F7 ()

where a = (,u(]l — /LOQ)/O'QO angl b= 0'01/0'00.
Then, I plug in the MLE 6y = (figo, {101, 001), where ogp = 1 is fixed, to obtain the estimator of
qo(v) as X
o . ¢(for — Hoo + 001D (v))
do(v) =01 - -
ot S0 1)

where I take the base distribution U ~ AN(0,1). Finally, I numerically solve min,¢ ;¢ q(v) to
obtain the estimate of M, where € is a small positive constant to avoid the boundary issues.

B.5 Wald-based test for assessing the distributional parallel-trends assumption

Under Assumption 2, the distributional parallel trends assumption (Assumption 3) reduces to the
restriction on the finite dimensional parameters. Specifically, g;(v) can be written as

~ Hdl — Hdo 0dl +—1
qa(v) =Fy| ———+ —F; (v )
(v) ( —Li T )

which implies that

11 — M10 01 — 00 o111 001 ~ ~
a Hio _ K H and — = — = q1(v) —qo(v) =0.

010 000 010 000
Based on this observation, I consider the following Wald-type test:
Hy:¢9(0)=0, vs Hi:¢(0)#0
where

[ (a1 = p10) /010 = (o1 — oo) /000
(o) = [ o11/010 — 001/000 ] '

The test statistic is given by



and reject the null when W > x3, , where x3,_, is the (1 — a)-quantile of the chi-squared
distribution with two degrees of freedom.

The asymptotic validity of the test (size control and power) follows from the standard Wald
test argument and therefore the proof is omitted.

The Wald-based test can be used as an alternative approach to assess the distributional parallel
trends assumption, and it is expected to be more powerful against the sup-norm test on Hj :
|7(v)|lo = 0. However, compared with the equivalence test proposed in Section 3, converting
the test into an equivalence framework is not straightforward. For example, compared with the
sup-norm test, the Wald statistic W does not have a direct interpretation in terms of bias (see
the discussion in Section 3.2). Another option is to consider parametrizing the violation on the
relationship between parameters:

Hy: |(p11 — p10)/o10 — (po1 — Hoo)/o00] } S [ 01 }
lo11/010 — 001/ 000] — [ 02
which requires specifying two equivalence thresholds 01,05 > 0. Therefore, I leave the detailed
investigation of the equivalence test based on the Wald statistic for future research.
B.6 Equivalence test with covariates

The equivalence testing procedure discussed in Section 3 can be extended to incorporate covariates.
Specifically, we can assess the conditional distributional parallel trends assumption (Assumption 4)
by testing if ¢i(v | ) = go(v | ) holds for all v € [0,1] and € X’ using pre-treatment periods.

Since it is not practical to specify the equivalence margin ¢ for all «, I propose to focus on the
average difference between two functions over the covariate distribution:

T = E[w(XZ)'I“(XZ)]

where r(x) = sup,¢(o,1) [91(v | ) —go(v | z)|. The weight function w(z) is a user-specified function
that satisfies E[w(X;)] = 1. For example w(x)  fx|p—1(x) corresponds to the density of x in the
treatment group. This implies that we weight the difference more heavily for covariate values that
are more common in the treatment group.

The testing procedure follows as described in Section 3 where we test the null hypothesis
Hy:7>6.

C Details on Semiparametric Approach with Covariates

C.1 Setup and identification

To include covariates X in the model, I modify the location-scale family assumption as
Yil X =2z ~ pgp(x)+ou(x)U, U~ Fy. (C.1)

In addition, I make the following assumptions, which are standard in the semiparametric discrete
choice literature.
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Assumption A.5 (Sampling and panel structure). {(Yjo, Yi1, Ds, X;)};, are i.i.d. across i, and
within-unit dependence across t is unrestricted. The proportion of the treated units satisfies ny /n —
p1 € (0,1).

Assumption A.6 (Ordered index and location-scale latent structure). The latent index structure
in Assumption 1 holds with covariates, and the latent utilities satisfy the location-scale family
assumption as in (C.1) with ug () and og(-) known up to finite-dimensional parameters. Further-
more, the normalization is imposed as k1 = 0, ogp = 1, and the first element of the coefficients

Boo, = 1.
Assumption A.7 (Conditions on the base distribution). (i) The distribution Fy is differentiable.
(ii) Fp is not constant over the support of X T Bog, and over the support of X " Bgo + k1.

Assumption A.8 (Conditions on regressor and latent index). Conditions ensuring identification
of the first-stage single-index and Fy hold:

(i) X and U are independent;
(ii) The first regressor X1 has a Lebesgue density that is everywhere positive conditional on X _1;

(iii) Discrete components of X _; satisfy overlap enabling support of X '3 to contain an open
interval for each admissible 8_1; and

(iv) The support of X T By contains the support of U.

Proposition A.4 (Identification of parameters on Yoo and F'). Under Assumptions A.6, A.7, and
A.8, the parameters (Boo, k) and the distribution Fy are identified.

Proof. The result is a direct application of Liu and Yu (2024)’s Theorem 2.1. O

The following corollary extends Proposition 1 to the case with covariates that identifies the
counterfactual distribution.

Corollary A.1 (Identification with covariates). Under Assumption 4 with conditions in Proposi-
tion A.J, the conditional counterfactual distribution of Y| given X = x is identified as

Kjr1 — M11($)>

Pr(Y11 <j| X =ax) = F
(Y11 <j| ) U< p—

where py1(x) = " Bio + exp(x&10) - " (Bo1 — Boo), and o11(x) = exp(x ' (€10 + &€o1)).

C.2 Semiparametric estimation

In the estimation and asymptotic analysis below, we write Fy = Fyy for the true base distribution,
following standard semiparametric notation. The density is denoted fj.

Let X; = (X1, X, —1) denote the pre-treatment covariates where X;; is a continuous variable.
Similarly, let 8 = (51,/3-1) denote the coefficient vector where (3 is the coefficient for X;;. In the
following, I adopt the normalization 81 = 1 to ensure the identification of the parameters, following
the approach in Liu and Yu (2024). Following Liu and Yu (2024), the asymptotic theory below
assumes J = 3 (i.e., three outcome categories). The extension to general J requires asymptotic the-
ory for the interval-censoring NPMLE with more than two inspection times, which is not currently
available (see Liu and Yu, 2024, Section S.3).
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The estimation proceeds in two stages. The first stage recovers (Boo, k) and the base distribution
F from the pre-treatment control observations. The second stage estimates the remaining location-
scale parameters (Bo1,&01) and (B10,&10) by profile likelihood conditional on F.

First stage: (8o, k) and F. An initial estimate E of Byo is obtained by fitting an ordered probit
model to (Yo, X;) for D; = 0. This also provides a preliminary cutoff estimate kKo. Given these
values, the base distribution F' is estimated as the nonparametric maximum likelihood estimator
(NPMLE) under the interval-censoring model induced by the ordered response. Under the location-
scale model with ogg = 1 and k1 = 0, the observation Y;g = j for control unit ¢ implies that the
latent error U; = Y, — XiT Boo lies in the interval (L;, R;] where

T T
L; = k; — X; Boo, Ri=rjt1—X; Boo,

with the convention kg = —oco and k; = oo. For the three-category case (J = 3) with k1 = 0, we
have
(=00, —X," Boo) if j =0,
Yo=j = Ui€(=X,Boo, k2 — X, Boo] ifj=1, (C.2)
(k2 — X, Boo, ) if j = 2.

The NPMLE of F' under this interval-censoring model is

Fo(; B,k) = arg max »_ log [F(R;) — F(L;)]
Fer D=0

where F is the set of all CDFs on the real line, (L;, R;) are defined as in (C.2) evaluated at (3, k),
and the convention F(—oo) = 0, F(co) = 1 is used for left- and right-censored observations. The
NPMLE can be computed by the algorithms in Wellner and Zhan (1997) and Turnbull (1976).

This formulation uses all J outcome categories to estimate F', in contrast to the binary approach
in Groeneboom and Hendrickx (2018) that splits Yo = 0 versus Y;o > 0 and recovers F' via isotonic
regression on a single threshold. In simulations, I find that the NPMLE achieves substantially lower
finite-sample bias in the estimated F.

Given ﬁn, the slope coefficients Bgg are updated by solving the estimating equation

1 > T
rE) = 3 X {1Vo=0}-F(-X7A)} =0
:D;=0
and the cutoff k9 is then updated by solving
1 s T
Um) = o D {100 < 1} = Fulra = X[ Boo) } =0,

The NPMLE, the slope update, and the cutoff update are iterated until convergence. In practice,
two iterations suffice.

Second stage: (Bo1,&01), (B10,&10), and the counterfactual distribution. I find that with
the presence of the scale parameters €, solving the estimating equations with the estimated CDF
F,, leads to substantial finite-sample bias in the second-stage parameters. Therefore, I propose to
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estiamte the second-stage parameters by maximing a proﬁle likelihood conditional on a regularized
version of F,,. The NPMLE yields evaluation points {u,, F } 1. Let u = ming uy; and u = max, ug.
I define the regularized CDF by adding a vanishing linear ramp:

uUu—u 1

F(u) = (1—2e,) Fy(u) + en + €9 — " En=mn . (C.3)
uUu—u

This construction ensures that F is strictly increasing, bounded away from zero, and uniformly close
to F,, (Lemma A.10). In the implementation, I also replace the NPMLE estimates with I-spline
smoothing. Specifically, the smoothed CDF is

K
FP(u) = F(u)+ > a1

k=1

where I}, are I-spline (integrated M-spline) basis functions of degree d = 3 with boundary knots at
w and u, and K n(l)/g
c are obtained by constrained least squares with ¢, > 0 for all k; the non-negativity constraint

preserves monotonicity. The simulation in Section C.4 compares both regularizations. I find that

internal knots are placed at quantiles of the NPMLE grid. The coefficients

the I-spline smoothing produces smaller finite sample biases.
Using the smoothed version of the estimated CDF F, I maximize the profile likelihood to

estimate (Bo1, &o1) and (B10, &10):
T =N T 1{Y=j}
(8,& F,R) 1:[}_[(){ < exp( X;g) (X;'€)

where the product runs over the relevant cell: (D; = 0,t = 1) for (Bo1,&01), and (D; = 1,¢t = 0) for
(B10,&10)-

Finally, the counterfactual distribution is estimated as

Pr(Y <j| X =) = ﬁ(W) (C.4)

where
i (x) = 2" Bio + exp(@ €10) - ' (Bo1 — Boo), and 11 (x) = exp(x | (€10 + €o01))-

C.3 Asymptotic results

The main result of this section is the y/n-consistency and asymptotic normality of the semipara-
metric treatment effect estimator ¢j.

Proposition A.5 (Consistency and asymptotic normality of the semiparametric estimator with
covariates). Under the identification conditions in Corollary A.1 and the regularity conditions in
Assumptions A.9 and A.10 below, the estimator ZJ is consistent for the treatment effect (;: Zj RN G-
Furthermore, the estimator Ej s asymptotically normal:

VG —¢) S N0, V).
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The proof is in Section E.9. It proceeds in three steps, each handled by a separate result below.
First, I apply the results in Liu and Yu (2024) to establish the y/n-consistency and asymptotic nor-
mality of the first-stage estimators (,@00, R»), along with the convergence rate of I (Proposition A.6).
Second, using a linearization of the NPMLE (Lemma A.1) together with proﬁle likelihood theory,
I derive an asymptotic linear expansion for the second-stage parameters (601,501) and (,810,510)
(Proposition A.7). Third, since the treatment effect estimator Cj depends on F through a non-
linear functional (Equation (C.4)), a Taylor expansion in 6 alone does not suffice. Lemma A.2
shows that the predicted probabilities admit an asymptotic linear representation by decomposing
the estimation error into parametric, nonparametric, and cross terms.

C.3.1 First-stage asymptotics

Assumption A.9 (Conditions for first-stage estimators). (F1) The parameter space for (8o, k)
is compact, the true parameters lie in its interior, and the cutoffs are strictly ordered and
separated by a positive margin.

(F2) Fy is twice continuously differentiable on the interior of the support, with a strictly positive
continuous density fy bounded away from zero.

(F3) The linear index X "3 admits a continuous density go(u;3) for all 3. For B = By, the
random variable [1{Y; = 0} — Fo(—X," Bo0)] 9o(X;" Boo — #2; Boo)/90(X," Boo; Boo) has a
finite second moment.

(F4) The density go(u;3) and the conditional expectations E[X 1 | X8 = u] and E[X_1 X, |
X T3 = u] are twice continuously differentiable with respect to u. The maps 3 — go(u; 3),
B—E[X_ 1| X"B=u],and B E[X_1X', | X'3 = u] are continuous for all u in the
support and all 3.

(F5) The Hessian matrix Hpg, is of full rank, and the scalar V.., = [ fo(u+ ko) go(u) du is nonzero.

Under these conditions, the results of Liu and Yu (2024) apply to the first-stage estimators.
Their Theorem 3.3 covers the joint NPMLE estimator for the ordered response with J = 3 cat-
egories, where F' is estimated from the interval-censored data as described in Section C.2. The
following proposition establishes the asymptotic properties of the base distribution estimator ﬁn

Proposition A.6 (Liu and Yu, 2024, Theorem 3.3 and Lemmas S12-S13). Under Assumption A.9,
the parametric components (Boo, k2) are \/n-consistent and asymptotically normal. The NPMLE
F,, satisfies:

. 1/2
sup </ | F (s B) — FO(U)IZdGO(u)> = 0,(n~Y31og?n),

BeB

and

sup  sup | F(u; B) — Fo(u)| = o0p(1).
,BEBUE[CL,CU}

C.3.2 Second-stage asymptotics

Let sj(x;0, k) = (kj+1 — p11(x; 0))/o11(x; @) denote the standardized cutoff index.
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Assumption A.10 (Conditions for the second-stage estimators). (S1) The class {¢g (00, F, ko) —
®0(60, Fo, ko) | [|[F' — Fol|lL, < €} is P-Donsker, where ¢g(0, F, k) is defined as

J—1
$9(0,F, r) = aaeao; F.r), ((6;F,r)=> 1{Yy =j}log <ﬁ<sj+1(xi;o, K)—F(s;(X:;0,k))
j=0

(S2) The score and the second derivative of the second-stage log-likelihood are Lipschitz continuous
with respect to F"

96 (60, I, ko) — ¢a(0o, Fo, ko)L, < LIIF — Fol|,,

and
|00 (00, F, ko) — Do (00, Fo, ko)l L, < L||F — Fol|L,,

where || - ||z, denotes the La(P) norm with respect to the distribution of (X,Y).
(S3) The information matrix Hg, = —E[0%((8¢; F, k0)/060 0] is positive definite.

(S4) For each j, the index s;(x; @) is continuous in « and Lipschitz continuous in € uniformly over
the support of X. The parameter space © is compact and 6y lies in its interior.

(S5) The functional F' +— P{¢g(60, F, ko)} is pathwise differentiable at Fy, with derivative of the
form [4pd(F — Fy). The remainder is O(||F — Fy||7,), which holds under condition F2 of
Geskus and Groeneboom (1999).

Conditions (S1)—(S5) are standard in the semiparametric inference literature. Condition (S5) is
verified for the interval-censoring NPMLE under the smoothness requirement in Assumption A.9(F2).

A key step in the proof of the second-stage expansion is the linearization of Stieltjes integrals
against F— Fy. The following lemma, which relies on the canonical gradient for the NPMLE under
interval censoring (Geskus and Groeneboom, 1999, Theorem 3.2), provides this representation.

Lemma A.1 (Linearization). The first-stage NPMLE F satisfies
- 1 &
Vi [ (0 d(P ) = Fu(w) = —= 3" ér(Zie) +0,(1)
i=1

where ¢ (+;¢;5) is the influence function for F.

Proof is in Appendix E.7.

Using the linearization together with a mean-value expansion of the profile score around (8, Fp),
we obtain the asymptotic linear representation of 0. The proof decomposes the score perturba-
tion into an empirical process term (controlled via the Donsker condition (S1)) and a population-
level term (controlled via the pathwise differentiability condition (S5) and the linearization in
Lemma A.1). The CDF regularization lemma (Lemma A.10) ensures that replacing F' with its
regularized version F introduces only an op(nfl/ 2) error.

Proposition A.7 (Asymptotic linear expansion of second stage parameters). Assume that the
assumptions required for identification hold. In addition, assume that the conditions in Assump-
tions A.9 and A.10 hold. Then,

V(8 — 80) = Hy {Gnp(B, Fo, ri0) + Apv/n(& — ko) + Gutbp} + 0p(1)
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Proof is in Appendix E.8.

C.3.3 Linear expansion of predicted probabilities

The remaining ingredient is to show that plugging both 0 and F into the predicted counterfactual
probabilities preserves the /n-rate. For each j, define the weight function

Cj(U) = Pl”(Sj(X; 00) <u< 8j+1(X; 90) | D = 1), (05)

which is of bounded variation and has an essentially bounded Radon—Nikodym derivative with
respect to fy. This function arises as the density of the interval-censoring weights evaluated at
the true parameter, and it governs how the nonparametric component F enters the predicted
probabilities.

Lemma A.2 (Linear expansion of predicted probabilities under the estimated base distribution).
Assume that the conditions in Assumptions A.9 and A.10 hold. Let hj(X;0,F) = F(s;+1(X;0))—
F(s;(X;0)), and G;(0,F) =" | D; hj(X;;0,F)/ni. Then,

Gi(0,F) = G(80, Fo) + G;0(80, Fo) T (6 — 6) + / ¢;(u) d(F — Fo)(u) + op(n~"/?)

where G (80, Fo) = 0G;(0, F) /08|y o 1 .

Proof is in Appendix E.10. The proof decomposes C:‘j(é, ﬁ) — @j(ao, Fy) into three terms: [
(Taylor expansion in 0 at fixed Fy), Io (Stieltjes integral in F — Fy at fixed 6p), and a cross term
I3. The first two terms yield the stated expansion, and the cross term is shown to be op(n_l/ 2) by
Lemma A.11.

Because G j averages over the n; treated observations, the natural empirical process in the proof
is Gy, = \/771(]3711 — P). Since n1/n — p1 € (0,1) by Assumption A.5, all op(nl_l/Q) remainders are
aIS(/)\ op(n_l/ 2). The factor p; enters the asymptotic variance V;j through the sampling variability
of Gj.

C.4 Finite-sample performance

I evaluate the finite-sample performance of the semiparametric estimator through a Monte Carlo
study. The data-generating process follows the location-scale model in (C.1) with J = 3 categories,
covariates X = (1,Xy,Xo)" where X1, Xs ~ N(0,1), and the parameter values described in
Section C.2 (6 = 0.3, heteroskedastic scale model with &y; and &9 nonzero). I consider three
error distributions: (i) U; ~ N(0, 1), under which the ordered probit model is correctly specified;
(ii) U; = T;/+/5/3 where T; ~ t(5), a symmetric heavy-tailed distribution; and (iii) U; = (W; —
ww)/ow where Wi ~ 0.6 - N(—1,0.5%) + 0.4 - N(1.5,1?), a skewed mixture of normals (uy = 0,
ow = v/2.05, skewness ~ 0.72). The ¢(5) distribution tests whether symmetric heavy tails cause
probit misspecification, while the mixture error tests whether skewness does. Because the probit
link ® is symmetric, the ordered probit can absorb symmetric departures (such as heavy tails)
through its location-scale parameters, but cannot capture skewness. The total sample size is n €
{500, 1000, 2000}, split equally between treated and control units.

Three estimators are compared: the parametric estimator (using standard normal distribution
as the base CDF), the semiparametric NPMLE estimator with I-spline smoothing, and the semi-

36



parametric NPMLE estimator with the ridge regularization in (C.3). I use the bootstrap with
B = 200 draws for computing standard errors. I run R = 500 Monte Carlo replications for each
setting. Table 1 reports absolute bias, root mean squared error (RMSE), and coverage of 95%
bootstrap confidence intervals, each averaged over the J — 1 = 2 treatment effect components (;
and Cz.

Table 1: Finite-sample performance of the parametric (probit) and semiparametric (NPMLE)
estimators with I-spline smoothing and ridge regularization, under correctly specified (normal) and
misspecified (¢(5) and skewed mixture) error distributions. Absolute bias, RMSE, and coverage
of 95% bootstrap percentile confidence intervals are averaged over J — 1 = 2 treatment effect
components.

DGP Method n  Abs. Bias RMSE Coverage SE/SD
Normal Probit 500 0.003 0.051 94.4% 0.99
Probit 1000 0.000 0.036 94.2% 0.98
Probit 2000 0.001 0.025 94.2% 0.99
NPMLE (spline) 500 0.007  0.057 97.6% 1.07
NPMLE (spline) 1000 0.003 0.040 96.8% 1.05
NPMLE (spline) 2000 0.003  0.028 96.1% 1.02
NPMLE (ridge) 500 0.014  0.060 99.7% 1.04
NPMLE (ridge) 1000 0.014  0.049 99.8% 1.06
NPMLE (ridge) 2000 0.013 0.041 99.9% 1.07
t(5) Probit 500 0.003 0.051 93.9% 0.96
Probit 1000 0.002  0.037 93.7% 0.94
Probit 2000 0.001 0.025 94.7% 1.01
NPMLE (spline) 500 0.003  0.059 97.1% 1.03
NPMLE (spline) 1000 0.004  0.041 96.6% 1.03
NPMLE (spline) 2000 0.004  0.027 96.8% 1.07
NPMLE (ridge) 500 0.008 0.056 99.9% 1.13
NPMLE (ridge) 1000 0.015 0.051 99.8% 1.07
NPMLE (ridge) 2000 0.013 0.042 99.5% 1.07
Mixture Probit 500 0.005 0.045 92.6% 0.96
Probit 1000 0.005  0.031 93.3% 0.99
Probit 2000 0.004  0.022 92.6% 0.98
NPMLE (spline) 500 0.007  0.059 98.4% 1.01
NPMLE (spline) 1000 0.004  0.037 98.1% 1.08
NPMLE (spline) 2000 0.003  0.026  97.5%  1.04
NPMLE (ridge) 500 0.013 0.065 99.8% 1.06
NPMLE (ridge) 1000 0.008 0.055 99.9% 1.02
NPMLE (ridge) 2000 0.006 0.040 100.0% 1.16

Under correctly specified normal errors, all three estimators have low bias and RMSE that
decrease at the expected /n rate, and the bootstrap confidence intervals achieve approximately
nominal coverage. The ordered probit estimator is slightly more efficient, as expected under correct
specification. Under the ¢(5) errors, the ordered probit performs nearly as well as under normal
errors: the symmetric heavy tails are absorbed by the location-scale parameterization, producing
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negligible bias. Under the skewed mixture errors, the ordered probit estimator exhibits persistent
bias regardless of sample size, because ® is symmetric and cannot capture the asymmetry of the
true error distribution. The semiparametric NPMLE estimators maintain low bias under all three
DGPs, confirming the robustness predicted by the theory. The I-spline smoothing variant achieves
somewhat lower RMSE than the ridge regularization, because the smooth CDF improves numerical
performance of the profile likelihood.

D Details on the Staggered Adoption Design

D.1 Setup

As before, we observe the outcome Yj; for n units. However, now we observe the outcome for T+ 1
time periods, t = 0,1,...,T. The treatment is administered at different time periods for different
units. Let D;; € {0,1} be the treatment indicator for unit ¢ at time ¢, where D;; = 1 if unit ¢ is
treated at time ¢ and D;; = 0 otherwise. I define G; € G C {1,...,T, 00} to denote the time period
when unit 7 first receives the treatment, such that G; = min{t | D;; = 1}. I use G; = oo to denote
the units that never receive the treatment during the study period. The staggered adoption setup
assumes that once a unit receives the treatment, it remains treated in all subsequent periods such
that Dit = l{t 2 Gl}

D.2 Estimands

We are interested in estimating the following group-time specific effects at time t > g¢:

Ci(9,8) = Pr(Ya(1) = j | Gs = g) — Pr(Ya(0) = j | Gi = g)
Pr(Yi(1) > Y(0) | G = g) — Pr(Ya(L) < Yu(0) | G; = g).

=
—~
K

~
~

I

and overall effects that average over groups and time periods:

Zj = Z ngth(g7t)a and T = Z ngtT(g’t)

geg t>g geg t>g

where wg > 0 are some user-specified weights that sum to one ) 9 Do g Wgt = 1. The choice of
weights depends on the empirical application. Callaway and Sant’Anna (2021) provide a discussion
on various types of aggregated effects and corresponding weights.

D.3 Identification

Let Fg(y) = Pr(Y;;(0) <y | G; = g) denote the CDF of the latent variable for unit ¢ at time ¢ for

group G; = g. Let qgﬁt

for the group that first receives the treatment at time g.

(v) = ng(Fg_tl(v)) denote the quantile-quantile transform from time s to ¢

Assumption A.11 (Staggered distributional parallel trends). Assume that the never-treated group
exists in the data such that Y ;" | 1{G; > T} > 0. Then, for a fixed pair of indices (s,t) such that
s<g<t

g3 (v) = ¢ (v), Ve (0,1).
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Assumption A.11 requires that the quantile-quantile transform between time s and t is identical
between group ¢ and the never-treated group. This is a natural extension of the distributional
parallel trends assumption (Assumption 3) to the staggered adoption setup. This is analogous
to the group-specific PT assumption discussed in Callaway and Sant’Anna (2021). Note that the
assumption that the never-treated group exists in the data is imposed for simplicity. When the
never-treated group does not exist in the data, we can choose a set of units that are yet to be
treated at time g as a comparison group.

Under Assumption A.11 and the location-scale model, we can identify the group-time specific
treatment effects (;(g,t) and 7(g,t) using a similar logic as before. Specifically, for t > g, we have

Pr(Yy(0) <j | Gs =g) = %(“ﬂ‘“gt)
Ogt

where for s < g <,

— o
Hgt = Hgs + Ogs <‘u0w'uoqs)a and o4 = ‘798( Oo’t>'

Oo0,s 00,5

D.4 Estimation

For the staggered adoption design, I assume the following location-scale family:
Y (0) | Gi = g ~ pgt + 0gtUss

The identification of (;(g,t) follows by applying the result in Proposition 1 by replacing D; = 1
with G; = g and D; = 0 with G; = co. The bounds on 7(g, t) can be obtained similarly by applying
the formula in Proposition A.1.

The estimation step requires some modifications. To simplify the notation, I continue to assume
that there are never-treated units in the sample so that Y ; 1{G; = oo} > 0, and use the
first period of the never-treated group for normalization. Again, following Athey and Imbens
(2006), I use Yy to denote the potential outcome for the group G; = ¢ at time ¢ such that
Yot ~ Y (0) | Gi = g.

« Step 1: Estimate the parameters for Y, o by fixing 00 =1 and k1 = 0.

(fioe,0, B) = arg max » Y 1{G; = 00, Yjg = j}log { F(kj11 — fioo0) — F(K;j — tioc)}.
i=1jeJ

« Step 2: Estimate the parameters for Yy, for each ¢ < g, while fixing the cutoffs K obtained
from Step 1.

o ) /15‘1—# 7%~—,LL
(a5 = ang max Y Y1 = jprog { (1) - p (B0

iGi=g jeJ

« Step 3: Estimate the counterfactual distribution of Yy for each g and ¢ such that g < ¢
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(post-treatment periods for G; = g).

Pr(Yy <) = F<"‘J’+l - “9t>

Ugt
where R R
~ —~ ~ Hoo,t — Hoo,s ~ ~ —~ ~
Hgt = Hgs + Ogs - #, and Og =0y - O'oo,t/Uoo,s-
00,8

for some s < g.

E Proofs of Main Results

E.1 Supporting Lemmas

Before proving propositions, we present useful lemmas.

Lemma A.3 (Identification of mean for Yyy). Under Assumptions 1 and 2, with ogo = 1 and
k1 =0, poo and all the other interior cutoffs {&j}j:}l are identified as

poo = —Fy ' (Pr(Yoo = 0))

and
Kj = Hoo +F(}1(PT(YOO < j))

Proof. With og9 = 1 and k1 = 0, we have Pr(Yyy < j) = Fy(kj41 — fto0). Since Fys is invertible by
Assumption 2, we obtain the desired result by inverting Fy;. O

Lemma A.4 (Identification of parameters for Yy and Yig). Under Assumptions 1 and 2, with
fized cutoffs k, the pair (po1,001) is identified from the distribution of Yoi.

Proof. Let s; = Pr(Yo1 < j) denote the cumulative probability for Yy, for each j = 0,...,J — 1.

I hen, we have
Kj4+1 — K01
kA FU< ] 001 )

If we have two categories j and j’ such that 0 < s; < 1 and 0 < sy < 1 and s; # s/, we can
solve the following two equations with two unknowns (o1, 001):

-1 Kj+1 — Mol
Fyy'(s5) = =
001
-1 Kj'41 — Ho1
FU (Sj/) = 7‘]
001

which gives the unique solution for (uo1, 7o1).

Since Fy is strictly increasing by Assumption 2, the existence of such j and j’ is guaranteed as
long as J > 3.

The same argument applies to (u10,010). This completes the proof. ]
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Lemma A.5 (Asymptotic Normality of @ for Pre-treatment Parameters). Let @ = (8,,04;,61,,0/1)",
all of which are estimated using the data from the pre-treatment periods via MLE. Then, under reg-
ularity conditions similar to Assumption A.12, the maximum likelihood estimator 0 is consistent to
the true value 8y and asymptotically normal with variance-covariance matriz €2,

V(@ —8) 4 N(0,Q) (E.1)

Proof of Lemma A.5. The result is a direct application of the standard result of the maximum
likelihood estimation. The proof is identical to that of Proposition 2 and therefore omitted. O

Lemma A.6 (Asymptotic Distribution of the Test Statistic). Let r(v;0) = qi(v;0) — qo(v; 0)

~

and 7(v) = r(v;0). Assume that r(v;0) is continuously differentiable in @ on (0,1) x O, and
SUP(v,0)c(0,1)xo 1067 (v;0)|l, < C < oo for some neighborhood of @ containing the true value.
Then, we have that

Vi) —r(v)) % N(0, Var(7(v)))
for each v € (0,1) with

Var(F(v) = <6807"(v; e)> TQ((%T(U; 0)>

where 0 is evaluated at the truth @y, 2 is the asymptotic variance covariance matrix ofé given in
Lemma A.5.

Proof of Lemma A.6. The result is a direct application of the Delta method. O

Lemma A.7 (Uniform convergence of A,,). Let A, = sup,, [F(v") —r(v")| + 21— sup,» o (v”) where

5(v) = \/V(v)/n with V(v) = \//zﬁ(?(v)) Assume that the condition in Lemma A.6 holds. Fur-
thermore, assume that

sup |V (v) =V (v)| = 0p(1).
ve(0,1)

Then, Ay, = op(1).
Proof. Let V = (0,1). For each v € V, we apply the mean value theorem to obtain
P(0) = r(v) = 2pr(v: 0) " (B — 60)

where @ lies between 6 and 0p. Then, we have

sup [7(v) — r(v)| < < sup ||69r(v;9)||oo>||§_ b
veV (v,0)EVXO

< O(1) - 0p(1) = 0p(1)

where the first inequality is due to the condition in Lemma A.6, and the last line follows from the
consistency of # in Lemma A.5. This shows that the first term of A, is 0p(1).
Next, consider the second term of A,,.

~ 1 =
supo(v) = —, [sup V(v
VeV (@) Vn\ ey @)
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. ~ 1/2
< NG (ilelg [V(v) =V (v)| + igg‘“”))

< O(1/V/n) + 0p(1/v/n) = 0,(1)

where the second line follows from the triangle inequality. The uniform boundedness sup, V (v) < oo
holds because V (v) = 97 (v;09) " Q dpr(v; 00) < C?||Q||op under the conditions of Lemma A.6. This
shows that the second term of A,, is 0,(1), which completes the proof. O

Lemma A.8 (Validity of (1 — «) level sets (Liu et al., 2009)). Let r(v) be a real-valued function
defined on v € [0,1]. Suppose Ui_q(v) is a point-wise upper (1 —«) level confidence interval for the
estimate r(v) such that P(r(v) < Uj_q(v)) > 1 —a+o(1). Then,

IP( sup 7(v) < sup Ula(v’)) >1—a+o(l).
ve(0,1) v’€(0,1)

Proof of Lemma A.8. Let v* € arg maxr(v). Then, we have that
v

v

P(r(v*) < Uj—q(v")) < P(r(v*) < sup Ula(v’)>

Then, the statement follows by realizing that the left hand side of the above inequality is at least
1 — a+ o(1) by assumption. O

Lemma A.9 (Differentiability of min/max of finitely many linear maps). Under Assumption A.185,
the function gy(p) = mingep a;p is Hadamard differentiable at p with gradient Vgy(p) = ay,.
Likewise, gr(p) = maxye s/ b;p is differentiable at p with gradient Vgr(p) = byt .

Proof. Because the index sets are finite and each map is linear, the margin condition implies that
in a neighborhood of p the same index remains active. Therefore, we have gy (p) = az—*p locally.
The claim for gy, is analogous. O

Lemma A.10 (CDF regularization). Let e, = n~!. Define the regularized CDF

Flu) = (1= 2e,) Fo(u) + € + en g:ﬁ
where [u, @] is the support of E,. Then:
(i) F is strictly increasing on [u, ]
(ii) F(u) € [en, 1] for all u € [u, 7]
(ili) ||F = Fpllso < 260 = O(n™1) = o(n=1/2).
Proof. Write F(u) — Fj(u) = —2e,Fn(u) 4+ en + en(u — u)/(@ — u). Since Fy(u) € [0,1] and

(u —u)/(u — u) € [0,1], the right-hand side lies in [—&,, 2¢,]. Hence |F(u) — Ey(u)| < 2,
for every w, giving (iii). Property (i) holds because F,, is non-decreasing and the linear term
en(u—w)/(u—uw) is strictly increasing. Property (ii) follows from F(u) = (1 —2¢e,)Fp(u) + &, > &p

and F(u) < (1 —2¢e,) + 2, = 1. O
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Lemma A.11 (Cross-term negligibility). Under Assumptions A.9 and A.10, with @j and c; as
defined in Lemma A.2, the cross term from the decomposition in its proof,

Iy = G;(8,F) — G;(8, Fy) — G;(80, F) + G;(80, Fy),

satisfies Iy = 0,(n~1/2).

Proof. We decompose I3 by adding and subtracting the population analogue of ¢ g(u):

b= [ (6,50 - G ()] dF - Fow
= [ a0 ¢330 = B~ cio (| d(F ~ Fa)w) + [ [e;5(0) = cianw)] dF - Fo)w
=1+ 1.

The first piece I:,(,a) involves the empirical process fluctuation of the weight functions, while I:,(,b)

involves only the population weights evaluated at 0 versus fp. We bound each in turn.
For Iéa), we apply the bound | [ gdv| < ||¢|lsl|lv||rv together with ||F' — Fy|lry < 2:

1571 < sup |[E;5(0) = ¢350] + @rn () = cson (W] I = Follz

)

< 25p 12,5 — ¢;5(u)] + [0 1) — 00 ()]

To bound the supremum, write the centered weight function as an empirical process:

Vit (@6(u) = ¢j0(w) = Vi (P, — P)1{s;(X;60) < u < 5741(X:0)}
= Gnll{Sj(X; 9) <u< Sj+1(X; 0)} = Gnlfj,uﬁ-

The difference of the centered weights at 0 and fp is then
V{85 — ¢, 5(u)] + B0, (1) — s ()]} = G (£, 5~ Frum)
Since the class { fj ¢} is P-Donsker and N By, stochastic equicontinuity gives
VY] < 2sup Gy (05— Fiwo)| = 0p(1)

and hence Iéa) = o/p(nfl/Q), using n1/n — p; > 0.

For I:gb), the integrand involves only population weights. We can write

1 = [le3(0 = cia (] d(F = Ro(w).

By the Lipschitz continuity of s,,(x; ) in 6 (Assumption A.10(S4)) and the bounded density of Fp
(Assumption A.9(F2)), the population weight function satisfies

lle; 5= ¢igolloo < C16 = 6ol = Op(n~1/?).
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Since F' — Fj has bounded total variation (IIF = Fo|lrv < 2), we have
b ~ _ .
I < lle; 5= ciaolloe - | = Follry = 0p(nY?) - O(1) = Op(n112).

To sharpen this to o,(n~'/2), we apply the linearization in Lemma A.1 with the shrinking weight
gn = C;5 — Cjg,- The linearization gives [gnd(F — Fy) = n= 'Y, 6r(Zi; gn) + 0p(n~/?). Since
Ignllee = Op(n=/?) and ¢r(-;gs) inherits the same rate, the sum is Op(n~1/2) - Op(n=1/?) =
op(n_l/ 2). Combining the bounds on Iéa) and I:)()b) completes the proof. O

E.2 Proof of Proposition 1

Proof. Let U denote a random variable with mean 0 and variance 1 and denote its cumulative
distribution function by Fy;. For v ~ U(0,1), we have

qo(v) = Fy; o F;% (v)

Ho1 — Koo 001 ~—1
(e )
( 000 000 v ()

The equality in the above expression holds because Y, follows the location-scale family, which
implies

*
* — Md
Fy: (") =FU<y L )
Odt

Fy2 (v) = pa + oacFy; ' (v)

dt
By Assumption 3, we have

Fyt (v) = Fyd (qo0(v))

11
= p10 + 010 F; Hqo(v))
01 — MO0 | 001 o
= [10 —+ 010 (H + FUI(’U)>
a00 000
= 11 + o1 F L (v)

where

Ho1 — Koo _ 010001
——— and o011 = .

000/010 000

#11 = pio +

Combining the results in Lemmas A.3 and A.4, all the parameters (u11,011) are identified with
the normalization restriction that ogg = 1 and k1 = 0. ]

E.3 Proof of Proposition 2

Assumption A.12 (Regularity conditions). (R1) {(Yio,Yi1,D;)}7, are ii.d. across i. Within-
unit dependence across t is unrestricted, and ny/n — p; € (0,1).

(R2) The ordered index model with known Fp; holds with strictly ordered cutoffs that are fixed
across cells.
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(R3) The per-unit log-likelihood contributions are twice continuously differentiable, the true 0 lies
in the interior of a compact parameter space, the Fisher information exists and is nonsingular,
score moments are finite, and a ULLN holds for the stacked score.

(R4) r;(0) = FU((F;]-H — pu)/on) FU(( ,un)/au) is continuously differentiable near 6.

The proof for the consistency and asymptotic normality of Z and A directly follows from the
standard M-estimation theory and the delta method. The proof is presented below for completeness.

Proof. The stacked score from the three likelihood blocks is

(1 = D;) Opgo,w Loo(Yios oo, <)
gi(0) = | (1 = D;) Ougy,001 Lo1(Yi1; pto1, 001, )
-D 8}“0 o010 ElO( i05 110,010, K )

Under (R1)—(R3), standard M-estimation theory gives consistency of 9 and the asymptotic linear
representation

V(G- 60) = —A-ljﬁ;giwowop(l),

where A = E[(0/00)g:(6)]9=g,]). Define the counterfactual probability as a function of 8: r;(f) =
Fy((Kj+1 — pa1)/on) — Fu((k; — pa1)/o11). By (R4) and the delta method,

LS 5i(60) + 0p(1).

v (75 = 15(00)) = — 397"3'(90)“_1% 2

The post-treatment treated probability m; = Pr(Y;; = j | D; = 1) is estimated by its empirical
analogue 7;, which satisfies

V(7 — ;) WZ (1Y = 5} — m5) + 0p(1).
Since ZJ =7; —71j and ¢ = m; — rj(6p), combining the two expansions yields
\F(C Cj \F Zd)zy + Op 1 7 wm = (1{}/11 = ]} - 7T]) - aGTj(GO)TA_lgi(QO)'

A multivariate CLT gives the first claim with V; = E[y; JwiT 7] The plug-in estimator 175 =

(1/n)>; 1@ \7@ 7 18 consistent by the continuous mapping theorem, and the result for A= MC
follows by Slutsky’s theorem. O

To prove the joint asymptotic normality of the lower and upper bound estimators, I impose an
additional assumption on the margin condition.

Assumption A.13 (Margin for the active bound). Let {&,(p) = a/p : £ € L} denote the finite
family of linear functionals that appear in Proposition A.1. There exists a unique £, € £ attaining
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the minimum at the truth and a strictly positive gap
Ay = ?;igﬂ{@(l?) — 6, (p)} > 0.

Similarly, for the lower bound 77, = maxse s & (p) = maxpesr b) p, there is a unique ¢t € £ attaining
the maximum with gap

Ap = ?;ielg{fﬁ (p) —&(p)} > 0.

Proof. From the previous step of the proof of this proposition, we have already established that
Vn(p — p) converges in distribution to a multivariate normal distribution. By Lemma A.9 and the
delta method, gy and gy, are differentiable at p with gradients ay, and b,i. Therefore,

Vilau(B) — gu(p)} = e vn(p—p) > N(0,af Spas,),

and likewise for g;. Consistency of the plug-in variance formulas follows from continuous mapping
and consistency of (G, (). O

E.4 Proof of Proposition 3

Proof. Under the null P € Hy, we have either HJ or Hy holds.
Suppose that H0+ holds without loss of generality. Then,

< ]P(sup Ui_a(v) < sup T(v')>

=1- P(sup Ui—a(v) > sup r(v'))

<l—-(1—-a+o(l))=a+o(1)

where the third line holds because under HO+ we have § < sup, r(v), and the last inequality uses
Lemma A.8.
The case where H; holds is symmetric. O

E.5 Proof of Proposition A.2

Proof. Consider the upper event.

sup Up_q(v) = sup {m) + 21_o\/ Var(F(v)) /n}
< supr(v) + sup [F(v) — r(v')| + 21—a sup \/ Var(F(v")) /n

§6—€+An

where A, = sup,, [F(v)) — 7(v')| + 21—a sup,s \/ Var(F(v")) /n.
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The above implies that it is sufficient to have § — e + A,, < § for the rejection event to hold.
Therefore, we have

Pr(Ry)=Pr (sup Ui—a(v) < 5)
>Pr(A, <e) — 1

where the last line follows from Lemma A.7. This proves that Pr(R4) — 1.
The lower event R_ can be handled similarly, and therefore I omit the proof.
Combining the two events, we have

P(RJFO’R,,)—)]_

which completes the proof. O

E.6 Proof of Proposition A.3

Proof. Let Fy1(r) = qo " Fio(y) denote the counterfactual CDF of Y73 obtained under the distribu-
tional parallel-trends assumption.
By the definition of g1, we have

Fi(y) = ¢ ' (Fio(y))-

where F}(y) is the true CDF of Y73.
~ Now, consider the difference between the true effect ¢; = Fyi(kj+1) — Ffi(s;) and ¢ =
Fui(rjen) = Fulkg),

G — G = lar (Fro(kje1)) — dg - (Fro(rj4+1))] — lar* (Fio(x;)) — ap - (Fio(x;))]

<2 sup |g; ' (v) — qp (V)]
v€(0,1)

<2 sup '!q1(v) - qo/(v)/l
ve(0,1) Infore(0,1) 40 (V")
=20/M
where the third line follows from the mean value theorem and the last line follows from the definition

of § and M.
Finally, to obtain the final result, we note that

|Bias((;)| < 1¢; — G + 16 — ¢
=|¢; — ¢l +0p(1)
<25/M + o0,(1)

where the first line follows from the triangle inequality, the second line follows from the consistency
of ¢;, and the last line follows from the previous result.
The bound for A; follows from the same argument. Since A; = Pr(Y;1(0) > j | D; = 1) —
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Pr(Y;1(1) > j | D; = 1) involves a single CDF evaluation at ; rather than the difference of two,

Aj— Ay = g (Fuo(ky)) — g5 (Fo(k;))

< sup [g; ' (v) — g5 (v)] < 6/M,
ve(0,1)

and the same consistency argument gives |Bias(3j)\ < /M + op(1). O

E.7 Proof of Lemma A.1

Proof. The interval-censoring NPMLE F admits an asymptotic linear representation via the canoni-
cal gradient for the NPMLE under interval censoring (Geskus and Groeneboom, 1999, Theorem 3.2).
In particular, the canonical gradient for the interval-censoring NPMLE is derived in Geskus and
Groeneboom (1999) (Theorem 3.2) and applied to the ordered response setting in Liu and Yu
(2024) (eq. (3.18) and supplement (S.86)—(S.93)). For J = 3, this yields the asymptotic linear
representation via Lemma S17 of Liu and Yu (2024). O

E.8 Proof of Proposition A.7

Proof. The solution f satisfies the first-order condition:
I~ , - =
- Z(l)g(e,F,k\) =0.
i

Applying a mean-value expansion around the truth (6, Fy, o),

0 = Pugpg(bo, F, ko) + Pudyp(0, F, R)(0 — o) + Padrcho(0, F, &) (R — ko)
= P (o, Fo, ko) + Pdadg (0o, Fo, 0) (0 — 00) + Pdeda(bo, Fo, ko) (R — ko)
+ Pugdo (o, F, o) — Prgg (8o, Fo, ko)

where the second equality follows from the GC property and the Lipschitz continuity of the score
and Hessian functions, which implies that

(]P)n - P)89¢9(9_7ﬁ7/%) = 0P<1)

and

|POgbe(0, F, &) — Pdpe (o, Fo, ko)| = 0p(1).

The final term can be written as

P, {$(00, F, 50) — do(00, Fo, 50)} = (P — P){¢p (00, F, ko) — dp (6o, Fo, ko) } + P{de(00, F, o) — de (60, Fo, r:0) }
=104 1b

n n

We control I} using the Donsker property. Let f, = d)g(&o,f ko) — ¢g(0o, Fo, ko). By Propo-
sition A.6, ||[F' — Fol|lz, = op(1), so fy lies in the Donsker class of Assumption A.10(S1) with
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probability approaching one. Moreover, by the Lipschitz condition in (S2),

||anL2(P) = ||¢9(90aﬁ7’€[)) ¢9(‘90’F07K'0)||L2 < L”F F0HL2 = Op(l)

Since f, — 0 in Lo(P) and f, belongs to a P-Donsker class with probability tending to one,
stochastic equicontinuity (Lemma 19.24 of van der Vaart, 2000) gives /n I% = G, fr, = 0p(1).
The final term I® can be controlled using the pathwise differentiability condition:

I = / v d(F — Fy) + O(|F — Rl

= /¢F d(F — Fy) + 0,(n~'/?)
= > (2 + opn )
i=1

where the first equality follows from Assumption A.10(S5), and the second equality follows from
the convergence rate of F' in Proposition A.6 and Lemma A.10, and the final equality follows from
the linearization of I’ in Lemma A.1. Thus, it follows that

VI = Guor 4 0,(1).

Finally, by rearranging the terms, we have

ﬁ(a— 60) - _{P89¢9<907 Fy, :“\70>}_1{Gn¢9(90, Fy, /ﬁ}g) + Paﬁ¢9(00’F07 /4;0)(75 _ /‘30) 4 anF} + Op(l)
= Hy, {Gudo(00, Fo, o) + Axv/n(E — ko) + Gudr} + 0y(1)

which concludes the proof. O

E.9 Proof of Proposition A.5

Proof. Let sj(x;0) = (kj—p11(x;0))/o11(x; 0) and hj(x; 0, F) = F(sjy1(x;6)) — F(sj(x;0)), where
0 = (B,€&, k). Then, the counterfactual probability can be written as

and its estimator is given by
- Zh 50, F).
For a given «x,
(@i 0, F) = hy(@: 60, Fo) = | F(syr(@:6)) = Folsyan(@:60))] = | F(s;(@:8)) — Fo(s;(:00))]
= [ Plsy1(:0)) = F sy (@:00))] — [Flsj(@;0)) — F(s; (w3 00)|

| Psjin(00)) = Folsya (@500))] — |Pls;(:00)) — Fols; (@i 00)|
=07 () + 157) - 1)

—
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We bound each group of terms in turn. The terms Iéa) and Iéb) measure the approximation error
of F' at the true index values, and are controlled by the uniform convergence of the NPMLE:

115 — 1P < 110+ 1157 < 2sup B (u) — Fo(u)] = 0,(1)
ue

where the last equality follows from Proposition A.6 on the uniform convergence of F to Fo.
Next, consider I£a), which captures the effect of estimating 6. Adding and subtracting Fj at
the estimated index, we have

I\ = Fy(sjp1(2;0)) — Fo(sjar (a: 0))

+ [F(sj41(w;0)) — Fo(sjra(x;0))] = [F(sj41(w5600)) — Fo(sj+1(a;60))]
< f(sjr1(2:0)[sj41(w;0) — 5541 (a5 00)] + 2sup |F(u) = Fo(u)| + 0,(1)

< L[| — boll2 + 0p(1) = 0,(1)

where the second inequality follows from the bounded density of Fj, and the last line follows from

the Lipschitz continuity of s;(;0) (Assumption A.10), the application of the continuous mapping

theorem on the result on Proposition A.7, and the uniform convergence of F to Fy. The term [ 1(b)

is handled identically. Collecting the four bounds yields

sup |hj(x; 0, F) — hj(x; 00, Fo)| < C[|0 — bo||2 + 4sup [F(u) — Fo(u)| = o0,(1).
xeX ueU

Combining this with the law of large numbers proves the consistency.

The asymptotic normality follows from Lemma A.2 and Proposition 2 on the estimated pro-
portion on the observed treated outcomes. The application of the multivariate CLT concludes the
proof. O
E.10 Proof of Lemma A.2

Proof. Adding and subtracting the terms, we have
G(0,F) - Gy(60, o) = | G50, Fy) — G (60, Fv)|
+ [@'(9071?) - @j(QOaFO)}
+[Gi(0.F) - C;(8, Fo) — G (00, F) + G5 (60, )|
=L+1L+13
The first term I isolates the effect of estimating 6 while holding F' fixed. By a Taylor expansion,
I = Gjp(00, o) (9 = o) + 0p([10 — bol|*)-
where R
. 0G;(6,F)

Ciolbo Fo) = o9 0=y F—Fy
=0o,L'=10

The remainder term is o,(n~/2) by the /n-consistency of § which follows by Delta method and
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Proposition A.7. This shows that
I = G900, Fo) T (6 — 60) + 0, (n~/2).

The second term [Is captures the effect of replacing Fy with F at the true parameter. For
notational simplicity, let ¢;g(u) be defined as

. 1 <
cio(u) = - ZDil{sj(Xi; 0) <u<sj11(X550)}.
i=1
The term I can be written as
1 & -
b= Y Di [ 1(s(Xii0) < u < sy (Xisb)}(F — Fo)(w)
i=1

_ / nll S DL {s5(Xs:09) < < 51(Xs: 00) Y(F — Fo)(u)
i=1

~ [ & - F)a)
~ [G@d® - ) + [6w) - & @ldF - Fi)(w)

where the second line exchanges the order of summation and integration. Now, consider the term
I{¥. We can write it as the sum of two terms:
5 - :

VLY = P, (F(sm(X300)) — Fo(sim(X:60)) — P(F(s:(X:60)) — Fo(sm(X360)))}

= Gy (Flsn(X:60)) — Folsm(X:60))).

Lemma 19.24 of van der Vaart (2000) establishes that Gm(fm — fo) = op(1) for any m — oo,
a random function f,, that converges in quadratic mean to fy, and a P-Donsker function class
containing { f,,}. We apply this with m = n;. This condition is satisfied under the current setup
because

ueU

. =R 2
[ (B - Ruwapt) < (sup P - Faw)) = a0

where the last line follows from Proposition A.6.
Therefore, we have shown that

b= /Cj(u)d(l3 — Fo)(u) + 0p(n~"/?).

The cross term I3 measures the interaction between estimating 6 and estimating F'. Lemma A.11
shows that I3 = op(n_l/ 2). Combining the three terms yields the stated expansion. O
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F Dichotomizing the Outcome: An Example

Coarsening the ordinal outcome into a binary variable is a common practice often employed in
applied works. Although this procedure allows scholars to utilize the standard linear DID, I will
demonstrate in this section that this operation leads to an inconsistent result depending on how
the new variable is created.

To see this, let’s consider a simple example with three categories, Y;; € {0,1,2}. There are two
possible ways to transform this variable into a binary outcome, Zt =1{Y;; =2} or Yy = 1{Y; > 1}.
Under this setup, we require two separate parallel trends assumptions for identification,

PT1: E[Y;1(0) — Yi0(0) | Di = 1] = E[V;1(0) — Yio(0) | D; = 0]
PT2: E[Y1(0) — Yio(0) | Di = 1] = E[Yi1(0) — Yio(0) | D; = 0]

PT1 identifies Ay = Pr(Yin(1) =2 | D; = 1) — Pr(Yi1(0) = 2 | D; = 1) and PT2 identifies
Ay =Pr(Ya(1) > 1| D; =1) = Pr(¥;1(0) > 1| D; =1). Also let '} = Pr(Yie(0) = j | Di = d) be
the conditional probability for the potential outcome under the control.

Now consider the following data generating process which specifies the marginal distributions
for the potential outcome:

(0) 70 70

<7TJ:O|d 1 ] 1|d=1’ J 2|d:1) = (03,05,02)
(1) ( _

<7Tj:0|d71,7'r]:1‘d71, j 2|d:1) = (0.2,0.5,0.3)
(0) () (0 _

<7Tj:0|d 0,71' 1\d 0777_] 2|d=0) - (02,05,03)
(1) e ey ) (0. 4)

—
W-ﬂ

0ld=0" T j=1|d=0> Tj=2|d=0
Under this DGP, PT1 holds since

E[Yi1(0) — Yio(0) | D; = 1] — E[Y;1(0) — Y;0(0) | D; = 0]

_ (1) (0) 1) (0)
= [72\1 - 7T2|1] - [72|0 - 2\0]

=01-01=0.
However, PT2 does not hold because
E[Z(O)— 0(0) | Di =1] - IE[Y(O) Yio(0) | D; = 0]
- 1 (0) (1) (0) (0)
= { Ton +7T1\1 2|1 +m 1|1 { 200 +7T1\0] [ 900 +7T1|0]}
={(0.340.5) — (0.2+0.5)} — {(0.4+0.4) — (0.34+0.5)} = 0.1.

Thus, this example demonstrates that with the same data, As can be consistently estimated
with Y;; but A; cannot be estimated without bias, even though we have the same data generating

process behind the two transformations. Obviously, it is also trivial to construct an example where
PT2 holds but PT1 does not.
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G Supplemental Information for the Empirical Application

G.1 Additional details on the application

Table 2 summarizes the methods used in the original papers.

Table 2: Methodologies used in the original studies. Abbreviation: Newman and Hartman (2019)
as NH19, Barney and Schaffner (2019) as BS19 and Hartman and Newman (2019) as HN19.

NH19 BS19 HN19
ordered logit (RE) v (with Lag DV) v v
ordered logit (FE) v
linear two-way FE v

Coding of mass shootings Newman and Hartman (2019) uses the following criteria to deter-
mine if an incident constitutes a mass public shooting: “(1) firearms as the primary weapon used,
(2) attacks on non-family members of the general public and (3) attacks in which at least three
or more individuals were injured or killed.” (Newman and Hartman, 2019, p.8). See the original
studies for the details of why these criteria are selected. Note that the definition of the “treatment”
is slightly different between Newman and Hartman (2019) and Barney and Schaffner (2019). I
follow the definition used by Barney and Schaffner (2019); please see Barney and Schaffner (2019)
for the discussion on this point.

Survey outcome The ordering of the response categories is not exactly the same as the original
question in CCES 2010-2012 panel. Originally in the survey, the choices are given as (1) More
Strict; (2) Less Strict; (3) Kept As They Are (please see €C10_320 and CC12_320 in “Guide to
the 2010-12 CCES Panel Study” available at https://doi.org/10.7910/DVN/24416/79YKV2). In the
main text, I follow the coding of Newman and Hartman (2019) and Barney and Schaffner (2019)
and treat “Kept As They Are” as the middle category.

Figure G.1 shows the distribution of the outcome in 2010 (top) and 2012 (bottom) where the
blue bars correspond to the treatment group and the gray bars correspond to the control group.

G.2 Analysis with covariates

I apply the semiparametric estimator from Section 4.1 to re-estimate the treatment effects con-
ditional on pre-treatment covariates. All covariates are measured in the 2010 wave and therefore
unaffected by treatment.

I construct two continuous ideology scores from a two-dimensional graded response model
(GRM; Samejima, 1969) fit to 20 policy preference items in the 2010 CCES. The GRM models
the ordinal response categories directly through cumulative threshold parameters, preserving the
ordering information that would be lost by binarizing the items. The two-dimensional latent space
is identified by fixing the mean to zero and the covariance to the identity matrix; the remaining
rotational indeterminacy is resolved by varimax rotation of the factor loading matrix. The items
span foreign policy (CC304, CC305), domestic policy (€C321, CC324-CC329), immigration (CC322_1—
€322_3), and Congressional bill approval (CC330A-CC330G, CC330I). The gun control item (CC320)
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is excluded since it is the outcome variable. The model is estimated using the mirt package in
R (Chalmers, 2012) with marginal maximum likelihood via the EM algorithm. I apply varimax
rotation to the factor loading matrix and extract expected a posteriori (EAP) person scores. I
assign 1 = 1 to the more correlated dimension for normalization (the first dimension correlates
at r = 0.48 with gun control and the second at r = —0.45). The demographic covariates are a
female indicator, ordinal education (six levels), and consolidated race dummies. After dropping
observations with missing covariates, the sample has n = 16,539 individuals.

Table 3 reports the results from the semiparametric NPMLE and the ordered probit with
covariates. All confidence intervals use B = 5,000 bootstrap draws clustered at the zip code level.
Both estimators find significant negative effects on category 0 (less-strict) under both treatment
definitions. The semiparametric estimates are larger in magnitude (Z() = —0.053 for 25 miles,
—0.056 for 100 miles) than the probit estimates (—0.030 and —0.036). The corresponding shifts
toward categories 1 and 2 are positive but not always significant. The estimated bound of the
relative effects always cover zero.

Table 3: Estimated treatment effects with covariates. Category-specific effects Zj and bounds on
the relative effect [T, 77]. Bootstrap 95% confidence intervals in parentheses (B = 5,000, clustered
at the zip code level).

25 miles 100 miles
A. Semiparametric NPMLE
o ~0.053 —0.056
(=0.071, —0.033) (—0.069, —0.044)
G 0.024 0.032
(—0.003, 0.052)  (0.015, 0.051)
o 0.028 0.024
(0.004, 0.049) (0.007, 0.038)
7L, 7y]  [-0.104, 0.213]  [—0.135, 0.240]

(—0.128, 0.240)  (—0.151, 0.258)

B. Ordered probit with covariates

o ~0.030 —0.036
(—0.045, —0.015) (—0.046, —0.026)
G 0.012 0.021
(—0.012, 0.035)  (0.007, 0.036)
Co 0.018 0.015
(—0.002, 0.038)  (0.002, 0.027)
(7, 7y]  [-0.115, 0.180]  [—0.145, 0.210]

(—0.137, 0.202)  (—0.159, 0.225)

G.3 Analysis by prior exposure to mass shootings

I stratify the two-wave analysis by whether respondents experienced mass shootings within 100
miles in the decade before 2010 (“prior exposure” versus “no prior exposure”). Figure G.2 presents
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the results. The category-specific effects and the bounds on the relative effect are close to zero in
both subgroups, and all 95% confidence intervals cover zero. The pattern is consistent with the
pooled results in Figure 2.
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Distribution of Outcome in 2010
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Distribution of Outcome in 2012
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Figure G.1: Distribution of outcomes: (0): less-strict, (1): kept-as-they-are and (2):
more-strict. The top panel shows the distribution of 2010 and the bottom panel is for 2012. Bars
in blue (gray) show distributions for the treated (control) group.
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Figure G.2: Upper panels — Estimated treatment effects EJ by prior exposure to mass shootings
with 95% confidence intervals. Circles indicate effects under the 100 mile threshold, while triangles
indicate effects under the 25 mile threshold. Lower panels — Estimated bounds on the relative
effect [T, 7] (thick lines) with 95% confidence intervals (thin lines).
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